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1 INTRODUCTION 2

1 Introduction

This report is concerned with the quality of the computed aroal solutions of mathematical
problems. For example, suppose we wish to solve the systdmeafr equationsdx = b using

a numerical software package. The package will return a cteapsolution, say, and we wish
to judge whether or nat is a reasonable solution to the equations. Sadly, all toena$oftware
packages return poor, or even incorrect, numerical reaulisgive the user no means by which to
judge the quality of the numerical results. In 1971, Lesli® Eommented [Fox, 1971, p. 296]

“I have little doubt that about 80 per cent. of all the respltsited from the computer
are in error to a much greater extent than the user wouldveglie”

More than thirty years on that paper is still very relevard amorth reading. Another very readable
article is Forsythe [1970].

The quality of computed solutions is concerned with aseggsow good a computed solution is in
some appropriate measure. Quality software should impienatiable algorithms and should, if
possible, provide measures of solution quality.

In this report we give an introduction to ideas that are inguarin understanding and measuring
the quality of computed solutions. In particular we revide tdeas of condition, stability and error
analysis, and their realisation in numerical software. Yketas the principal example LAPACK
[Anderson et al., 1999], a package for the solution of densbanded linear algebra problems, but
also draw on examples from the NAG Library [NAG] and elsevehdihe aim is not to show how to
perform an error analysis, but to indicate why an understandf the ideas is important in judging
the quality of numerical solutions, and to encourage theofis®ftware that returns indicators of
the quality of the results. We give simple examples to ittt some of the ideas that are important
when designing reliable numerical software.

Computing machines use floating point arithmetic for theimputation, and so we start with an
introduction to floating point numbers.

2 Floating Point Numbersand |EEE Arithmetic

Floating point numbers are a subset of the real numbers éimabe conveniently represented in the
finite word length of a computer, without unduly restrictithge range of numbers represented. For
example, the ANSI/IEEE standard for binary floating poirnthanetic [IEEE, 1985] uses 64 bits to
represent double precision numbers in the approximateereoig®®.

A floating point numberz, can be represented in terms of four integers as
x=+m x b,

where b is the baseor radix, ¢ is the precision e is the exponentwith an exponent rangeof
[emin, emax] @ndm is the mantissaor significand satisfying0 < m < b — 1. If x # 0 and
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m > b1 thenz is said to benormalized An alternative, equivalent representationzaé

x = =£0.didy...dp x b°
dy | d dy e
where each digit satisfigs < d; < b — 1. If d; # 0 then we see that is normalized. Ifd; = 0
andz # 0 thenz is said to bedenormalized Denormalized numbers betweérand the smallest
normalized number are callesibnormal Note that denormalized numbers do not have thetfull
digits of precision.

The following example, which is not intended to be realistlastrates the model.

Example 2.1 (Floating point numbers)

b=2,t=2, emin = —2, €max = 2.

All the normalized numbers havk = 1 and eitherd, = 0 or dy, = 1, that ism is one of the two
binary integersn = 10 (= 2) orm = 11 (= 3). Denormalized numbers hawe = 01 (= 1). Thus
the smallest positive normalized numbe® ig 2¢min—t = % and the largest i3 x 2¢max—t = 3, The
valuel x 2¢min—t — 1—16 is the only positive subnormal number in this system. Themleta set of
non-negative normalized numbers is:

1313133

—————— 1,=,2

078716747872747 727 73

The set of non-negative floating point numbers is illustfateFigure 1, where the subnormal num-
ber is indicated by a dashed line.

b:2> t =2, emin = —2, €max = 2

Figure 1: Floating Point Number Example

Note that floating point numbers are not equally spaced atedpl but the relative spacing between
numbers is approximately equal. The value
1
= x bt 1
u=g (1)
is called theunit roundoff or therelative machine precisioand is the furthest distance relative to
unity between a real number and the nearest floating poinbeunin Example 2.1y = % =0.25



2 FLOATING POINT NUMBERS AND IEEE ARITHMETIC 4

and we can see, for example, that the furthest real number 10 is 1.25 and the furthest real
number from2.0 is 2.5. « is fundamental to floating point error analysis.

The valuee); = 2u is calledmachine epsilon

The ANSI/IEEE standard mentioned above (usually refemesi EEE arithmetic), which of course
hasb = 2, specifies:

e floating point number formats,

e results of the basic floating point operations,

e rounding modes,

e signed zero, infinity+o0) and not-a-number (NaN),
e floating point exceptions and their handling and

e conversion between formats.

Thankfully, nowadays almost all machines use IEEE aritiond@here is also a generic ANSI/IEEE,
base independent, standard [IEEE, 1987]. The formats stgoploy the ANSI/IEEE binary standard
are indicated in Table 1.

Format | Precision| Exponent| Approx Range| Approx Precision
Single | 24 bits | 8 bits 10538 1078
Double | 53 bits | 11 bits | 10%3% 10-16
Extended| > 64 bits | > 15 bits | 10%4932 10-20

Table 1: IEEE Arithmetic Formats

The default rounding mode for IEEE arithmeticrisund to nearestin which a real number is
represented by the nearest floating point number, with rate how to handle a tie [Overton,
2001, Chapter 5].

Whilst the ANSI/IEEE standard has been an enormous helpaimdardizing floating point com-
putation, it should be noted that moving a computation betweachines that implement IEEE
arithmetic does not guarantee that the computed resultbavihe same. Variations can occur due
to such things as compiler optimization, the use of extenqutedision registers, and fused multiply-
add.

Further discussion of floating point numbers and IEEE arétiencan be found in Higham [2002]
and Overton [2001].

The valueu can be obtained from the LAPACK function SLAMCH, for singleepision arithmetic,
or DLAMCH for double precision arithmetic by calling the fetion with the argument CMACH
as’ e’ , and is also returned by the NAG Fortran Library routine XOBA It should be noted
that on machines that truncate, rather than rodpgdijs returned in place ofi, but such machines
are now rare. It should also be noted that 'e’ in S/IDLAMCH es@ntseps, but this should not

1In some ports it actually returns+ b~ 2. See the X02 Chapter introduction [NAG, 2003].
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be confused withe;;. The Matlab built in variableeps returnse;; [MathWorks], as does the
Fortran 95/Fortran 2003 numeric enquiry functiepsi | on [Metcalf and Reid, 1996; Metcalf
et al., 2004].

3 Why Worry about Computed Solutions?

In this section we consider some simple examples of numexicaputation that need care in order
to obtain reasonable solutions. For clarity of expositiomgst of the examples in this and the
following sections are illustrated using decimal floatir@n (significant figure) arithmetic, with
round to nearest.

The first example illustrates the problem of damaging sabtma, usually referred to asancella-
tion.

Example 3.1 (Cancellation)
Using four figure decimal arithmetic, suppose we wish to cot@p = 1.000 + 1.000 x 10* —
1.000 x 10%. If we compute in the standard way from left to right we obtain

5 =1.000 + 1.000 x 10* — 1.000 x 10* = (1.000 + 1.000 x 10%) — 1.000 x 10*
= 1.000 x 10* — 1.000 x 10* = 0,

instead of the correct result ©f). Although the cancellation (subtraction) was performealcdly,
it lost all the information for the solution.

As Example 3.1 illustrates, the cause of the poor resulhdfegpens before the cancellation, and the
cancellation is just the final nail in the coffin. In Examplé,3he damage was done in computing
s = 1.000 + 1.000 x 10*, where we lost important informatiori.000). It should be said that the
subtraction of nearly equal numbers is not always damaging.

Most problems have alternative formulations which are thtcally equivalent, but may computa-
tionally yield quite different results. The following exghe illustrates this in the case of computing
sample variances.

Example 3.2 (Sample variance [Higham, 2002], Section 1.9)

The sample variance of a setrofaluesxy, zo, . . . , x,, is defined as
1 n
2 Z N2
=1
wherez is the sample mean of thevalues
g
= — €
n 4

An alternative, theoretically equivalent, formula to cantgthe sample variance which requires
only one pass through the data is given by

n n 2
1 Z 1 Z
n-1\iI e n <i:1 332) ' ©

2 _
Sp =
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If z% = (10000 10001 10002) then using 8 figure arithmetic (2) give$ = 1.0, the correct
answer, but (3) gives® = 0.0, with a relative error of 1.0.

(3) can clearly suffer from cancellation, as illustratedhia example. On the other hand, (2) always
gives good results unlessis very large [Higham, 2002, Problem 1.10]. See also Chah Et383]
for further discussion of the problem of computing sampleaveces.

Sadly, it is not unknown for software packages and calctdaim implement the algorithm of (3).
For example in Excel 2002 from Microsoft Office XP (and in poas versions of Excel also), the
function STDEV computes the standard deviatiomf the data

T = (100000000 100000001 100000002)

ass = 0. Considering the pervasive use of Excel and the importahstandard deviation and its
use in applications, it is disappointing to realise thath@} been used by these versions of Excel
See Cox et al. [2000] for further information, as well as Keii[1998], McCullough and Wilson
[1999] and McCullough and Wilson [2002]. The spreadsheainfOpenOffice.org version 1.0.2
produces the same result, but gives no information on théadetised in its help system; on the
other hand the Gnumeric spreadsheet (version 1.0.12) tieesorrect result, although again the
function description does not describe the method used.

A result that is larger than the largest representable figgibint number is said toverflow For
example, in double precision IEEE arithmetic for which tippraximate range i$0%3%, if z =
10%%°, thenz? would overflow. Similarly,z~2 is said tounderflowbecause it is smaller than the
smallest non-zero representable floating point number.

As with the unit rounding error or machine epsilon discusseglection 2, the overflow and under-
flow thresholds can be obtained from the LAPACK function SAMCH by calling the function
with the argument CMACH aso’ and’ u’ respectively; from the NAG Fortran Library routines
X02ALF and X02AKF respectively; the Matlab built in varigslr eal nax andr eal m n; and
from the Fortran 95 numeric enquiry functionage andt i ny.

Care needs to be taken to avoid unnecessary overflow and gemagderflow. The following
example illustrates this care in the case of computing thptenuse of the right angled triangle
shown in Figure 2.

, 2= ETP

T
Figure 2: Hypotenuse of a right angled triangle

2The algorithm has at last been replaced in Excel from Offi@82®hich now gives the correct answer.
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Example 3.3 (Hypotenuse)
In Figure 2, ifx ory is very large there is a danger of overflow, evenig representable. Assuming
thatx andy are non-negative, a safe method of computing

a = max(z,y), b = min(zx,y)

Z:{GVT:@f,a>o

0, a=0.

This also avoidg being computed as zeroat andy? both underflow. We note that Stewart [1998,
p.139 and p.144] actually recommends computiras

L) (2)? + (¥)*, wheres =z +y, s> 0
0, s=0

because this is slightly more accurate on a hexadecimal im&actn interesting alternative for
computing Pythagorean sums is given in Moler and Morris@88l; see also Dubrulle [1983] and
Higham and Higham [2005, section 22.9] .

We can see that (3) of Example 3.2 also has the potential fnflow and underflow and, as well as
implementing this formula rather than a more stable verdixeel does not take the necessary care
to avoid underflow and overflow. For example, for the value8E200, 1.0E200), STDEV in Excel
2003 from Microsoft Office 2003 returns the mysterious syh#dUM , which signifies a numeric
exception, in this case overflow, due to the fact t1at02°?)? overflows in IEEE double precision
arithmetic. The correct standard deviation is of course iil&ily, for the values (0, 1.0E-200,
2.0E-200), STDEV returns the value 0 rather than the corraicte of 1.0E-200. OpenOffice.org
version 1.0.2 also returns zero for this data, and overflawthe previous data. Mimicking Excel
is not necessarily a good thing!

The computation of the modulus of a complex numbes x, + ix; requires almost the same
computation as that in Example 3.3.

Example 3.4 (M odulus of a complex number)

x| = /a2 + 2.

a = maX(|xr|v |332|)7 b= min(|$r|v |l‘2|)

e

, a=0.
Again this also avoidr| being computed as zeroaif andx? both underflow.
Another example where care is needed in complex arithmetomplex division

e tiw (@ +iw) (Y — i)
Y2+ y?

Yy oy iy
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Again, some scaling is required to avoid overflow and underflSee for example Smith [1962],
Stewart [1985] and Priest [2004]. Algol 60 procedures fa¥ domplex operations of modulus,
division and square root are given in Martin and Wilkinso8g&] and the NAG Library Chapter,
A02, for complex arithmetic has routines based upon thogelAlrocedures, see for example NAG
[2003]. A careful C function is given in the Priest refereratgove. Occasionally, some aspect
of complex floating point arithmetic is incorrectly implemed, see for example Blackford et al.
[1997, Section 7].

Another example, similar to the previous examples, reqgidare to avoid overflow and damaging
underflow is that of real plane rotations where we need to ebep= cosf ands = sinf such

that
x
c=>, 8= g, wherez = /22 + 32
z z

or alternatively

c=—, §=—.
z
Another convenient way to express the two choices is as
+1 z
C:W’ s =ct, WheretztanHZQ. 4)

If G is theplane rotation matrix

then, with the choices of (4),
x +z
()= (7))
When used in this way for the introduction of zeros the rotats generally termed @ivens plane
rotation [Givens, 1954; Golub and Van Loan, 1996]. Givens himselfaisly took care in the com-
putation ofc ands. To see an extreme case of the detailed consideration megeesmplement a
seemingly simple algorithm, but to be efficient, to pres@senuch accuracy as possible throughout

the range of floating point numbers, and to avoid overflow ardating underflow see Bindel et al.
[2002], where the computation of the Givens plane rotatgoiully discussed.

Sometimes computed solutions are in some sense reasobabi@ay not be what the user was
expecting. In the next example, the computed solution isecto the exact solution, but does not
meet a constraint that the user might have expected themsototmeet.

Example 3.5 (Sample mean [Higham, 1998])
Using three figure floating point decimal arithmetic:

(5.01 + 5.03)/2 = 10.0/2 = 5.00

and we see that the computed value is outside the range oétaeadthough it is not inaccurate.

Whether or not such a result matters depends upon the applichut is an issue that needs to be
considered when implementing numerical algorithms. Fstaince if

Y =CoST
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then we probably expect the propeiftyy < 1 to be preserved computationally, so that a value
ly| > 1 is never returned. For a monotonic function we may expectatuoricity to be preserved
computationally.

In the next section we look at ideas that help our underatgnafiwhat constitutes a quality solution.

4 Condition, Stability and Error Analysis

4.1 Condition

Firstly we look at the condition of a problem. Tleenditionof a problem is concerned with the
sensitivity of the problem to perturbations in the data. slgdem is ill-conditioned if small changes
in the data cause relatively large changes in the solutithe@ise a problem is well-conditioned.
Note that condition is concerned with the sensitivity of fireblem, and is independent of the
method we use to solve the problem. We now give some examplékigtrate somewhat ill-
conditioned problems.

Example 4.1 (Cubic equation)
Consider the cubic equation
2% — 212% + 120z — 100 = 0,

whose exact roots arg = 1,z = x3 = 10. If we perturb the coefficient af® to give
0.992°% — 2122 + 1202 — 100 = 0,

the roots become; ~ 1.000, z5 ~ 11.17, 23 =~ 9.041, so that the changes in the two roatsand
xg are significantly greater than the change in the coefficiént.the other hand, the roots of the
perturbed cubic equation

1.012% — 212% + 1202 — 100 = 0,

arexr; =~ 1.000, z9,x3 =~ 9.896 + 1.0444, and this time the double root has become a complex
conjugate pair with a significant imaginary part.

We can see that the roats andzxs are ill-conditioned. Note that we cannot deduce anythirguab
the condition ofc just from this data. The three cubic polynomials are plotteigure 3.

Example 4.2 (Eigenvalue problem)

The matrix
10 100 O 0
0 10 100 O
0 0 10 100
0 0 0 10

has eigenvaluek, = \s = A3 = Ay = 10, whereas the slightly perturbed matrix

A=

10 100 O 0

0 10 100 O

0 0 10 100
107 0 0 10

B =
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150

100~

-100 L L L I I
0 2 4 6 8 10 12

Figure 3: Cubic Equation Example

has eigenvalues, = 11, Ao, A3 =10+14, \y = 0.

Example 4.3 (Integral)

10
I :/ (aez — be_x) dx

10

Whena =b=1, I =0, but whermn = 1,b = 1.01, I ~ —220. The functionf (z) = ae® — be™ 7,
whena = b = 1 is plotted in Figure 4. Notice that the vertical scale hasagestactorl0?, so that a
small change in function can make a large change in the axex thme curve.

x 10
25

151

Figure 4: Integral Example
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Example 4.4 (Linear equations)
The equationsiz = b given by

99 98\ [z1\ _ (197 (5)
100 99) \zo/ \199
have the solutiom, = z, = 1, but the equations
98.99 98\ [z1\ (197
100 99 xo)  \ 199

have the solution:; = 100,z = —99. The two straight lines represented by (5) are plotted in
Figure 5, but to the granularity of the graph we cannot talttho lines apart.

20

-100 1 1 1 1 1 1 1 1 I
0 10 20 30 40 50 60 70 80 90 100

Figure 5: Linear Equations Example

To be able to decide whether or not a problem is ill-condéwbitt is clearly desirable to have some
measure of the condition of a problem. We show two simple cadere we can obtain such a
measure, and quote the result for a third example. For thefisg we derive the condition number
for the evaluation of a function of one variable [Higham, 208ection 1.6].

Lety = f(z) with f twice differentiable andf(z) # 0. Also letg = f(z + €). Then, using the
mean value theorem

i—y = flz+e —f(v)
_ f’(@wweaee(o,l)

giving

The quantity
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is called thecondition numbenf f since

Thus if () is large the problem is ill-conditioned, that is small pebations inx can induce large
perturbations in the solution

Example 4.5
Lety = f(x) = cos x. Then we see that

k(z) = |x tan x|

and, as we might expeatps x is most sensitive close to asymptotestoif =, such asc close to
7/2.2 If we takex = 1.57 ande = —0.01 then we find that

k() ‘E‘ ~ 12.5577,
T
which is a very good estimate {fj — y)/y| = 12.55739.. ..

For the second example we consider the condition numberystara of linear equationdx = b.
If we let & be the solution of the perturbed equations

(A+ E)t = b,
then
A(z —z) = —Ez, sothatt —z = —A"'Ex,
giving
& — || 4 “1py IE]]
] IATH - IE = (LAl 1A 14l
The quantity

k(A) = || All- 147

is called the condition number of with respect to the solution of the equatiods = b, or the
condition number ofd with respect to matrix inversion. Sinde= AA~1, for any norm such that
III|| = 1, we have that < x(A), with equality possible for thé, 2 andoco norms. If A is singular
thenx(A) = oc.

Example 4.6 (Condition of matrix)
For the matrix of Example 4.4 we have that

99 98

(99 98
A _<—100 99>’|

3The given condition number is not valid at= /2, sincecos 7 /2 = 0.

and

A7Y|, =199,
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so that
r1(A) = 1992 ~ 4 x 107,

Thus we can see that # is only accurate to about 4 figures, we cannot guarantee auyay in
the solution.

The term condition number was first introduced by Turing im ¢ontext of systems of linear equa-
tions [Turing, 1948]. Note that for an orthogonal or unitamgtrix @, k2 (Q) = 1.

As a third illustration we quote results for the sensitivatiithe root of a polynomial. Consider
f(@) = apz™ + CLn—lafn_1 + ...+ a1z + ag,

and leta be a single root off () so thatf(a) = 0, but f'(a) # 0. Let p(x) be the perturbed
polynomial

p(x) = f(2) + eg(x), g(x) = bpa" +bp12" " + ... + bz + by,
with root& = a + 9, so thatp(&) = 0. Then [Wilkinson, 1963, Section 7, Chapter 2] shows that

)
fla) ]

Wilkinson also shows that i is a double root then

~ 2¢eg(a) 2
') )|
Example 4.7 (Condition of roots of cubic equation)

For the rootn = 1 = 1 of the cubic equation of Example 4.1, wighr) = 23 ande = —0.01, we
have

0] =~

0] =~

f'(z) = 32% — 422 + 120

so that
—0.01 x 13

81

and hence this root is very well-conditioned with respeqvécturbations in the coefficient af.
On the other hand, for the double reot= 10, we have

6] ~ ‘ ~ 0.0001

I"(z) = 6z — 42,
so that

15 ~ ~ 1.054

—92 % —0.01 x 103 2
13

and this time the perturbation eproduces a rather larger perturbation in the root. Becaisgaot
particularly small the estimate 6fis not particularly accurate, but we do get a good warnindnef t
ill-conditioning.
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Higham [2002, Section 25.4] gives a result for the sensjtiof a root of a general nonlinear equa-
tion.

Problems can be ill-conditioned simply because they arelypsoaled, often as the result of a poor
choice of measurement units. Some algorithms, or impleatiens of algorithms, are insensitive
to scaling or attempt automatic scaling, but in other caggsod choice of scaling can be important
to the success of an algorithm. It is also all too easy to turadly scaled problem into a genuinely
ill-conditioned problem.

Example 4.8 (Badly scaled matrix)
If we let A be the matrix
Ao <2><109 10° >

1079 2x107°

thenky(A) =~ 1.67 x 10*® and soA is ill-conditioned. However we can row scafeas

1079 0 /2x10° 10° 2 1
B_DA_< 0 109> ( 10~° 2><10—9> - (1 2>’
for which k2(B) = 3, so thatB is well-conditioned. On the other hand if we perform a plane
rotation onA with ¢ = 0.8, s = 0.6 we get

0.8 0.6) [2x10°  10°
c=04 = (—0.6 0.8> ( 1079 2x 10—9>
_ 8x 108 +3x 10719 4% 10%+6x 10710
- —6x10°+4x 10710 —3x10%+8x1071%/"

SinceG is orthogonaly»(C) = ka(A) ~ 1.67 x 108, and soC is of course as ill-conditioned as
A, but now scaling cannot recover the situation. To see(thigtgenuinely ill-conditioned, we note

that
- s 8 4
C~2x10 (—6 _3

which is singular. In double precision IEEE arithmeticsthiould be the floating point representa-
tion of C'.

Many of the LAPACK routines perform scaling, or have optibmgquilibrate the matrix in the case
of linear equations [Anderson et al., 1999, Sections 2.4dl44.1], [Higham, 2002, Sections 7.3
and 9.8], or to balance in the case of eigenvalue problemddtson et al., 1999, Sections 4.8.1.2
and 4.11.1.2].

4.2 Stability

The stability of a method for solving a problem is concerned with the seitgitof the method to
(rounding) errors in the solution process. A method thatrgniges as accurate a solution as the
data warrants is said to be stable, otherwise the methodstahie. To emphasise the point we note
that, whereas condition is concerned with the sensitiviithe problem, stability is concerned with
the sensitivity of the method of solution.



4 CONDITION, STABILITY AND ERROR ANALYSIS 15

An example of an unstable method is that of (3) for computeng e variance. We now give two
more simple illustrative examples.

Example 4.9 (Quadratic equation)
Consider the quadratic equation

1.62%2 — 100.1z + 1.251 = 0.

Four significant figure arithmetic when using the standarthtda

. —b+ b2 —4ac
o 2a

gives
x1 = 62.53, x9 = 0.03125.

If we use the relationship,x, = ¢/a to computers from x, we instead find that
zo = 0.01251.

The correct solution i1 = 62.55, x9 = 0.0125. We can see that in using the standard formula to
compute the smaller root we have suffered from cancellasomcey/ b2 — 4ac is close to(—b).

Even a simple problem such as computing the roots of a quaéiation needs great care. A very
nice discussion is to be found in Forsythe [1969].

Example 4.10 (Recurrence relation)
Consider the computation gf, defined by

1
Yn = (1/6)/0 z"e"dr, @)

wheren is a non-negative integer. We note that, since in the intédva], (1/e)e” is bounded by
unity, it is easy to show that
0<y, <1/(n+1). (8)

Integrating (7) by parts gives
Un =1 —nyn_1, yo = 1 — 1/e = 0.63212055882856. . . 9)

and we have a seemingly attractive method for compujinépr a given value of.. The result of
using this forward recurrence relation, with IEEE doubleqision arithmetic, to compute the values
of y; up toys1 is shown in Table 2. Bearing in mind the bounds of (8), we satl#ter values are
diverging seriously from the correct solution.

A simple analysis shows the reason for the instability. &isccannot be represented exactly, we
cannot avoid starting with a slightly perturbed valgg, So let

Yo = Yo + €.
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Yo Y1 Y2 Y3 Ya Ys Y6 yr
0.6321| 0.3679| 0.2642 | 0.2073| 0.1709 0.1455 | 0.1268| 0.1124
Ys Y9 Y10 Y11 Y12 Y13 Y14 Y15
0.1009| 0.0916| 0.0839 | 0.0774| 0.0718 0.0669 | 0.0627| 0.0590
Y16 Y17 Y18 Y19 Y20 Y21
0.0555| 0.0572| -0.0295| 1.5596| -30.1924| 635.0403

Table 2: Forward Recurrence fgy,

Then, even if the remaining computations are performedtgxae see that

1 = 1l—9o = y1—c¢
Y2 = 1-2y1 = yo2+ 2
¥ys = 1—-3y2 = y3—6e
ya = 1—4ys = ys+ 24e

and a straightforward inductive proof shows that
Yn = Yn + (—=1)"nle.

Whenn = 21,n! ~ 5.1091 x 10'°. We see clearly that this forward recurrence is an unstable
method of computing.,, since the error grows rapidly as we move forward.

The next example illustrates a stable method of computing

Example 4.11 (Stable recurrence)
Rearranging (9) we obtain the backward recurrence

Yn—1 = (1= yn)/n,
Suppose that we have an approximatigg, ,,, t0y,+., and we let
Un+m = Yn+m + €.
Then, similarly to the result of Example 4.10, we find that

(-1 e
n+m)n+m-—1)...(n+1)

Qn:yn+(

and this time the initial error decays rapidly, rather thaovgs rapidly as in Example 4.10. If we
take an initial guess af,; = 0, we see from (8) that

le] <1/21 < 0.05.
Using this backward recurrence relation, with IEEE doubision arithmetic, gives the value
yo = 0.63212055882856,

which is correct to all the figures shown. We see that this Wwac# recurrence is stable.
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It should also be said that the integral of (7) can be evatlstizbly without difficulty using a good
numerical integration (quadrature) formula, since thecfiom f(z) = (1/e)z"e® is non-negative
and monotonic throughout the intenjal 1].

In the solution of ordinary and partial differential equeais one form of instability can arise by
replacing a differential equation by a difference equati®¥e first illustrate the problem by the
solution of a simple nonlinear equation.

Example 4.12 (Par asitic solution)
The equation
e " =99z (20)

has a solution close to= 0.01. By expanding:—" as a power series we have that

and hence an approximate solution of (10) is a root of the rqi@dequation
22 — 200z + 2 = 0,

which has the two roots, ~ 0.0100005, x5 =~ 199.99. The second root clearly has nothing to do
with the original equation and is callegpbar asitic solution.

In the above example we are unlikely to be fooled by the peasilution, since it so clearly does
not come close to satisfying (10). But in the solution of nedy or partial differential equations
such bifurcations, due to truncation error, may not be saéonisv

Example 4.13 (I nstability for ODE)
For the initial value problem

y/ = f(xay)7 Y=1Yo whenz = Zo, (11)

the mid-point rule, or leap-frog method, for solving thefeliéntial equation is given by

Yr+1l = Yr—1 + 2hf, (12)

whereh = x; — x;_1 for all i andf, = f(x,,y,). This method has a truncation error@th?)
[Isaacson and Keller, 1966, Section 1.3, ChaptérTjis method requires two starting values, so
one starting value must be estimated by some other methatsidgw the case where

f(ﬂl',y) =ay, Yo = 17 330:07

So that the solution of (11) ig = e**. Figures 6 and 7 show the solution obtained by using (12)
whenh = 0.1 for the casesx = 2.5 anda = —2.5 respectively. In each case the valueyofis
taken as the correct four figure valug,= 1.284 whena = 2.5 andy; = 0.7788 whena = —2.5.

We see that in the first case the numerical solution does ajgbadd following the exact solution,
but in the second case oscillation sets in and the numepaaiaen diverges from the exact solution.

“Here it is called the centered method. It is an example of arliysmethod.
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The reason for the behaviour in the above example is thath@d2}he solution
1N\T 1N\T
yr=A(ah+ (1+a%h?)?) + B (ah— (1+a%?)7) (13)

where A and B are constants that depend on the intial conditions. Withritial conditionsyy =
1,29 = 0 andy; = e*", 2y = h we find thatd = 1 + O(h?), B = O(h?). We can see that the
first term in (13) approximates the exact solution, but tlewsd term is a parasitic solution. When
a > 0 the exact solution increases and the parasitic solutioayde@nd so is harmless, but when
a < 0 the exact solution decays and the parasitic solution greaustrated in Figure 7.  An
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Figure 6: Stable ODE Example
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Figure 7: Unstable ODE Example

entertaining discussion, in the context of the Milne-Siopsnethod, of the above phenomenon is
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given in Acton [1970, Chapter 5], a book full of good advicelansight. A more recent book by
Acton in the same vein is [Acton, 1996].

4.3 Error Analysis

Error analysisis concerned with analysing the cumulative effects of etrddsually these errors
will be rounding or truncation errors. For example, if théypomial

p(x) = po + p1a + paa® + -+ + ppa’”
is evaluated at some poimt= « using Horner’'s scheme (nested multiplication) as

p(a):p0+04(p1+"'+04(pn—2+0é(pn—1+04pn))~-)7

we might ask under what conditions, if any, on the coeffigent py, ..., p, andq, the solution
will, in some sense, be reasonable? To answer the questioe®deto perform an error analysis.

Error analysis is concerned with establishing whether oranaalgorithm is stable for the problem
in hand. Aforward error analysigs concerned with how close the computed solution is to tlaetex
solution. Abackward error analysiss concerned with how well the computed solution satisfies
the problem to be solved. On first acquaintance, that a badckemor analysis, as opposed to a
forward error analysis, should be of interest often comesagprise. The next example illustrates
the distinction between backward and forward errors.

Example 4.14 (Linear equations)

Let
99 98 1
A= (100 99> and b = <1> '
Then the exact solution of the equatiofis = b is given by
(1

r = 1)
Also letz be an approximate solution to the equations and defineeh@ual vectorr as

r==>b— Az. (14)

Of course, for the exact solution= 0 and we might hope that for a solution closecto should be
small. Consider the approximate solution

. 297 L (197
T = (_2.99> , forwhich & — x = (_1'99> ,

and sat looks to be a rather poor solution. But for this solution weehthat

L (001
—\ 0.01
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and we have almost solved the original problem. On the otaed lthe approximate solution

. (101 L _(0.01
I = (_0'99> , forwhich z — x = <0.01> ,

(LT
— 197

and, althougtz: is close tar, it does not solve a problem close to the original problem.

gives

Once we have computed the solution to a system of linear ieqsatz = b we can, of course,
readily compute the residual of (14). If we can find a maftisuch that

Ezx=r, (15)

then
(A+E)t =10

and we thus have a measure of the perturbatiorl irequired to maker an exact solution. A
particular E that satisfies (15) is given by

B rat
- 2Ty
From this equation we have that
1B, < Irllollzlly _ N7l
271213 121l

and from (15) we have that

. gl
[17]ly < I Ell5]|2],, sothat [|Ell, > =2
12l
and hence
2, = 1ol
1211

Thus, this particula# minimizes| E||,. SincezTz = ||ac\|?,, it also minimizesE in the Frobenius
norm. This gives us aa posterioribound on the backward error.

Example 4.15 (Perturbation in linear equations)
Consider the equation$x = b of Example 4.14 and the ‘computed’ solution

. 297 . _(—0.01
T = <_2'99> for which r = ( 0.01 > .

2T —0.0297  0.0299
-\ 0.0297  —0.0299

Then
> . #Te =17.761
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and

o~ —0.00167 0.00168
~\ 0.00167 —0.00168 ) "

Note that|E| ./ || Al =~ 1.695x 10~ and so the computed solution corresponds to a small relative
perturbation inA.

From (6) we have that

£
< H(A)W

and so, if we knows(A), then an estimate of the backward error allows us to estithatéorward
error.

& — ]|

1]

As a general rule, we can say that approximately:

forward error< condition numberx backward erroﬂ.

Although the idea of backward error analysis had been iotted by others, it was James Hardy
Wilkinson who really developed the theory and applicatamd gave us our understanding of error
analysis and stability, particularly in the context of nuioal linear algebra. See the classic books
Wilkinson [1963] and Wilkinson [1965]. A typical picture &Yilkinson, cheerfully expounding his
ideas, is shown in Figure 8. A wonderful modern book that ionets the Wilkinson tradition is
Higham [2002]. The solid foundation for the numerical linakgebra of today relies heavily on the
pioneering work of Wilkinson; see also Wilkinson and Rem§t971p

Wilkinson recognised that error analysis could be tedious @ften required great care, but was
nevertheless essential to our understanding of the syabilalgorithms.

“The clear identification of the factors determining thebgtey of an algorithm
soon led to the development of better algorithms. The prapderstanding of inverse
iteration for eigenvectors and the development of the QRBridlgn by Francis are the
crowning achievements of this line of research.

“For me, then, the primary purpose of the rounding error ysislwas insight.”
[Wilkinson, 1986, p. 197.]

As a second example to illustrate forward and backward groamsider we consider the quadratic
equation of Example 4.9.

Example 4.16 (Errorsin quadratic equation)
For the quadratic equation of Example 4.9 we saw that thelatdrformula gave the roots, =
62.53, x9 = 0.03125. Since the correct solution is = 62.55, xo = 0.0125 the second root has a

5In Givens 1954 technical report quoted earlier [Givens 419%hich was never published in full and must be one
of the most oft quoted technical reports in numerical angyas well as the introduction of Givens plane rotations, it
describes the use of Sturm sequences for computing eigrsvaf tridiagonal matrices, and contains probably the first
explicit backward error analysis. Wilkinson, who so sustel$y developed and expounded the theory and analysis of
rounding errors, regarded tlzepriori error analysis of Givens as “one of the landmarks in the hjsté the subject”
[Wilkinson, 1965, Additional notes to Chapter 5].



4 CONDITION, STABILITY AND ERROR ANALYSIS 22

Figure 8: James Hardy Wilkinson (1919 — 1986)

large forward error. If we form the quadratj€z) = 1.6(x — x1)(xz — x2), rounding the answer to
four significant figures, we get

q(z) = 1.62% — 100.1z + 3.127

and the constant term differs significantly from the origiveue of 1.251, so that there is also a
large backward error. The standard method is neither fahwmar backward stable. On the other
hand, for the computed roats = 62.53, zo = 0.01251 we get

q(z) = 1.62% — 100.1z + 1.252,

so this time we have both forward and backward stability.

An example of a computation that is forward stable, but nakberd stable is that of computing
the coefficients of the polynomial

p(x)=(z—z1)(x —x2)... (T —2p), 2; >0

In this case, since the are all of the same sign, no cancellation occurs in comptitiegoefficients
of p(x) and the computed coefficients will be close to the exaefficients; thus we have small
forward errors. On the other hand, as Example 4.1 illugtratiee roots of polynomials can be
sensitive to perturbations in the coefficients and so thésrobthe computed polynomial could
differ significantly fromz1, zo, ..., z,.

Example 4.17 (I1l-conditioned polynomial)
The polynomial whose roots ate = i,i = 1,2,...,20, is

p(z) = 220 — 2102 4 ... + 20!
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Suppose that the coefficient of° is computed as-(210 + 2723); then we find thatrig, 17 ~
16.73 £ 2.813¢. Thus a small error in computing a coefficient produced armpmiyial with signifi-
cantly different roots from those of the exact polynomiatisipolynomial is discussed in Wilkinson

[1963, Chapter 2, Section 9] and Wilkinson [1984]. See alsi&iligon [1985, Section 2].

5 Floating Point Error Analysis

Floating point error analysids concerned with the analysis of errors in the presence efifig
point arithmetic. It is based on the relative errors thatiltefsom each basic operation. We give just

a brief introduction to floating point error analysis in orde illustrate the ideas.

Let = be a real number; then we use the notatién)fto represent the floating point valueaf The

fundamental assumption is that

‘fl(m):x(1+e), |e] Su‘

whereu is the unit roundoff of (1). Of course,

fl (z) —x

= €.

A useful alternative is

x fl (z) —x

fl (.’13) = 1—_’_5, ‘5‘ S u, SO that

Example 5.1 (Floating point numbers)
Consider four figure decimal arithmetic with

1
u:§><10_3:5><10_4.

If £ = /2 = 1.414213. .. then f(x) = 1.414 and

fl(z) — =z

~1.5x 1074

|e|=\

If 2 = 1.000499. .. then flz) = 1.000 and

fl (z) —
le| = # ~5x 1074 = u.

If x =1000.499. .. then f(x) = 1000 and again

fl(z) —
le| = % ~5x 1074 = u.

(16)

17)
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Bearing in mind (16), ifx andy are floating point numberghen the standard model of floating
point arithmetic, introduced by Wilkinson [1960], is givbg

fllz®y)=(x@y)(1+e), | <u,
(18)
where® = +, —, x, +.

It is assumed, of course, that® y produces a value that is in the range of representable ftpatin
point numbers. Comparable to (17), a useful alternative is

rRyY

f|($®y):my

|0] < u.
When we consider a sequence of floating point operations @géntly obtain products of error
terms of the form

(I+e)=14+e)(l+e)...(1+¢)
so that
(I-u) <14+e<(1+u).

If we ignore second order terms then we have the reasonadlenasion thét

le] < ru. (19)

We now give three illustrative examples. In all three exarapghex; are assumed to be floating
point numbers, that is, they are values that are alreadysepted in the computer. This is, of
course, a natural assumption to make when we are analysreyitbrs in a computation.

Example 5.2 (Product of values)
Letz = xoz; ...z, andz = fl(x). Thus we have products to form, each one introducing an error
bounded by.. Hence from (18) we get

T=wor1(l+e)ro(l+e)...xn(1+€,), & <u (20)

and from (19) we see that
T =uxz(l+e), ] <nu, (21)

where
I+e=14+e)(Il+e)...(1+ep).

We can see from (21) that this computation is forward stalbéeause the result is close to the
exact result, and from (20) the computation is also backvetablle, because the result is exact
for a slightly perturbed problem; that is the result is ex@etthe datarg,z1(1 + €1),x2(1 +
€2)y- ., Tn(1+ €,).

5Those who are uncomfortable with the approximation mayeprief replace the bourld| < ru with one of the form
le| < 7, wherey, = (ru)/(1 — ru) andru < 1is assumed. See Higham [2002], Lemma 3.1.
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Example 5.3 (Sum of values)
Lets =z + 22+ ...+ z, ands = fl(s). By considering

sp ="M (sp—1+xp), $1=101

it is straightforward to show that

§ = mi(l+e)+z(l+ea)+az(l+e)+...+zp(l+ep-1)
= s+ (r161 + 2261 + 2260+ ... + Tpen_1), |6 < (n—1+ 1)u.

Here we see that summation is backward stable, but is nossaaly forward stable. Example 3.1
gives a case where summation is not forward stable.

Note that if thex; all have the same sign, then summation is forward stableusedaen

15— s| < (|Jz1| + |x2| + ... + |zp])nu = |s|nu

so that

|5 — s

< nu
s

Example 5.4 (Difference of two squares)
Consider the computation

z=z%—y? (22)
We can, of course, also expresas

z=(z+y)(z—y). (23)
If we computez from (22) we find that
z = fl (m2 — y2) = m2(1 +e€)— y2(1 + €2)

= 24 (2% — y’e2), €1, < 2u

and so this is backward stable, but not forward stable. Ootther hand, if we computefrom (23)
we find that

2 = fi{z+y)z—y)=(+y)lz-y)(l+e
= z2(1+¢€), e<3u

and so this is both backward and forward stable. As an exarifie take
x = 543.2, y = 543.1, so thatz = 108.63
and use four significant figure arithmetic we find that
zZ =100, but z = 108.6.

Clearlyz has suffered from cancellation, buihas not.
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We now quote some results, without proof, of solving higlesel linear algebra problems to il-
lustrate the sort of results that are possible. Principakyconsider the solution of the linear
equations

Az =0 (24)

by Gaussian elimination and we assume that the reader ifidamith Gaussian elimination. The
kth step of Gaussian elimination can be expressed as

Ay = My P Ap_1Qp, Ao = A, (25)

where P, and@);. are permutation matrices, one or both of which may be thernattix, chosen to
implement whatever pivoting strategy is used argl is the multiplier matrix chosen to eliminate
the elements below the diagonal of tkid column of A;_. This results in the factorization

A= PLUQ,

where P and() are permutation matriceg, is a unit lower triangular matrix antl is upper trian-
gular. To simplify analysis it is usual to assume that, witidsight, A has already been permuted
so that we can work withl <= PTAQT. In this case (25) becomes

Ap = MpAp_1, Ap=A

andM;, and Aj;_, have the form

I 0 0 Uk—1 ug—1 Xg—1
My=|0 1 0], A= 0 o b,
0 —my I 0 ap—1 Ar—

my, is chosen to eliminate;,_, so that
ap—1 — ag_1my =0, giving my = ag_1/ag_1,

Aj,_; is updated as
- o T _ (o b;f
Ak = Ak—l — mkbk_l =

ag Ak
and
A= LU, whereL = M;'M;'... M ", andU = A,_;.
Since
I 0 0
Mi'=(0 1 0
0 mi I
we have that
1 0 0 0
ma1 1 0 0
ma3i1 ma3a 0 0
L= .
Mp—11 Mp_12 1 0
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It can be shown that the computed factérandU satisfy
LU =A+F,
where various bounds afi are possible; for example, for theoo or F' norms

max || Ay

IF] < 3ngul[All, g =
1A]l

g is called thegrowth factor Similarly it can be shown that the computed solution of (24)
satisfies
(A+ E)x =,

where a typical bound is
1] < 3n*gullAll.

We can see that this bound is satisfactory unlesslarge, so it is important to choogeor @, or
both, in order to control the size gf This is essentially the classic result of Wilkinson [19@hp
Wilkinson [1963, Section 25], where the-norm is used and the use of partial pivoting is assumed,;
see also Higham [2002, Theorem 9.5].

The next example gives a simple demonstration of the neegivioting.

Example 5.5 (The need for pivoting)
Consider the matrix

0.001 12
A= ( 10 —10> ’
and the use of four significant figure arithmetic. Since thigist a two by two matrix we have that
M, ! — L andM, A = U. Denoting the computed matriX by X, we find that

. 10 0.001 12 -~ (0001 12
L=L= (10000 1> U= ( 0 —120010) and U = < 0 —120000> ’
which gives
-~ (0 0
v-v= (0 10)

-~ 0 0 -
F-LU—A-(0 10>—U—U.

and

Thus whilst||F'|| is small relative ta|U ||, it corresponds to a large relative perturbatior 41|. On
the other hand if we permute the two rows of A to give

- 10 -10
A= (0.001 12 > ’
we have that

. 10 10 —10 -~ (10 —10
L_L_<0.0001 1>’U_<0 12.oo1> a”dU_<o 12.oo>’
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which gives

-~ (0 0
U_U_<o —0.001)

and

F:Eﬁ-A:(O 0 >:U—U.

0 —0.001
This time||F'|| is small relative to botfiU|| and|| A||.
If we putm = max |m;;| then we can show that
g<(+m)"

Partial pivoting ensures that
m < 1and hencg < 2"7L.

28

Only very special examples get anywhere near this bounderample due to Wilkinson being

matrices of the form

1 0 0 -- 0 1
—1 1 0o --- 0 1
-1 -1 1 - 0 1
A= ) . ) .. |, forwhichU =
-1 -1 -1 -- 11
-1 -1 -1 -+ =11

S O =

i)

0
0

o

0
0

o O O

O = e

1
2
4

2n;2
2n—1

Despite such examples, in practice partial pivoting is thethod of choice, but careful software

should at least include an option to monitor the growth fiacto

There are classes of matrices for which pivoting is not néédeontrol the growth of [Higham,
2002, Table 9.1]. Perhaps the most important case is thaimofetric positive definite matrices
for which it is known a priori that growth cannot occur, and@aussian elimination is stable when
applied to a system of equations for which the matrix of cokfits is symmetric positive definite

The choice of pivots is affected by scaling and equilibmatiand a poor choice of scaling can lead
to a poor choice of pivots. A full discussion on pivoting s&gies, equilibration and scaling, as well

as sage advice, can be found in Higham [2002].

For methods that use orthogonal transformations we carlysain similar error bounds, but
without the growth factor, since orthogonal transformagipreserve the—norm andF—norm.
For example, if we use Householder transformations to parf@Q R factorization of A for the

solution of the least squares problenin, ||b — Az
rankn [Golub, 1965], the computed solutiansatisfies

min [|(b+ f) = (A + E)z,,

where f and E satisfy bounds of the form

1fllp < comnullb]lp, |E|p < comnul|| Al p.

"The variant of Gaussian elimination that is usually usedis ¢ase i<Cholesky’s methad

5, WhereA is anm by n,m > n matrix of
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andc; andc,y are small integer constants [Lawson and Hanson, 1995, ddge 9

Similarly, for the solution of the eigenvalue probleta: = Ax, whereA is ann by n matrix, using
Housholder transformations to redut® upper Hessenberg form, followed by &2 algorithm to
further reduce the Hessenberg form to upper triangular iohm, the computed solution satisifies

(A+ E)i = )\i
where
1E|lp < p(n)ull All p
andp(n) is a modestly growing function of [Wilkinson, 1965; Anderson et al., 1999].

We note that the bounds discussed so far are calbethwisebounds, but in many cases they can
be replaced bgomponentwisbéounds which bound the absolute values of the individuahelds,
and so are rather more satisfactory. For instancd,iff a sparse matrix, we would probably prefer
not to have to perturb the elements that are structurally.z&s a simple example, consider the
triangular equations

Tz =0b, T —nbyn triangular,

and letz be the solution computed by forward or backward substittteepending on whethér
is lower or upper triangular respectively. Then it can rigaloé shown thaf: satisifes

(T + E).f? = b, with |€z'j| < nu|t2~j|,

which is a strong componentwise result showing backwatallgya[Higham, 2002, Theorem 8.5].

Associated with componentwise error bounds are componsawondition numbers. Once again
see Higham [2002] for further details and references.

6 Posingthe Mathematical Problem

In this short section we merely wish to raise awareness ohdeel to model a problem correctly,
without offering any profound solution.

It can be all too easy to transform a well-conditioned problato an ill-conditioned problem. For
instance, in Example 4.10 we transformed the well-cona@tbquadrature problem of finding

yn = (1/e) /01 x"e*dx, n >0,
into the ill-conditioned problem of finding,, from the forward recurrence relation
Yn=1—nyn—1, yo=1-1/e.
As another example, we noted in Section 4.3 that polynomaatdoe very ill-conditioned. It follows
that the eigenvalues of a matrix should most certainly not be computed via the characteristi

equation ofA. For example, ifd is a symmetric matrix with eigenvalues = i,i = 1,2,...,20,
then the characteristic equation df det(A — AA), is very ill-conditioned (see Example 4.17).
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On the other hand, the eigenvalues of a symmetric matrixlesaya well-conditioned [Wilkinson,
1965, Section 31, Chapter 2].

The above two examples illustrate the dangers in transfgrthe mathematical problem. Some-
times it can be poor modelling of the physical problem thaegirise to an ill-conditioned mathe-
matical problem, and so we need to think carefully about thelezmodelling process.

We cannot blame software for giving us poor solutions if wevjite the wrong problem. We can,
of course, hope that the software might provide a measur@déarondition of the problem, or some
measure of the accuracy of the solution to give us warningpaicaly posed problem.

At the end of Section 4.1 we also mentioned the desirabifisaceful choice of measurement units,
in order to help avoid the effects of poor scaling.

7 Error Bounds and Software

In this section we give examples of reliable software thatrreinformation about the quality of
the solution. Firstly we look at the freely available softergpackage LAPACK [Anderson et al.,
1999], and then at an example of a commercial software iiptae NAG Library [NAG]. The
author of this report has to declare an interest in both cdddtemftware products; he is one of the
authors of LAPACK and is a software developer employed by NAG Naturally, the examples
are chosen because of familiarity with the products anebielithem as quality products, but | have
nevertheless tried not to introduce bias.

LAPACK stands forLinearAlgebraPACK age and is a numerical software package for the solu-
tion of dense and banded linear algebra problems aimed awR@sstations and high-performance
shared memory machines. One of the aims of LAPACK was to ntakedftware efficient on mod-
ern machines, whilst retaining portability, and to this @ndakes extensive use of the Basic Linear
Algebra Subprograms (BLAS), using block-partitioned aipons based upon the Level 3 BLAS
wherever possible. The BLAS specify the interface for a $stibprograms for common scalar and
vector (Level 1), matrix-vector (Level 2) and matrix-matdperations (Level 3). Their motivation
and specification are given in Lawson et al. [1979], Dongatral. [1988a] and Dongarra et al.
[1990] respectively. Information on block-partitionedjatithms and performance of LAPACK can
be found in Anderson et al. [1999, Chapter 3]. See also Gahgb\@an Loan [1996, particularly
Section 1.3], and [Stewart, 1998, Chapter 2], which alscslase nice discussion on computation.

LAPACK has routines for the solution of systems of linearaipns, linear least squares problems,
eigenvalue and singular value problems, including geizedlproblems, as well as routines for the
underlying computational components such as matrix fegzttons. In addition, a lot of effort was
expended in providing condition and error estimates. @dtiom the first paragraph of Chapter 4
— Accuracy and Stability — of the LAPACK Users’ Guide:

“In addition to providing faster routines than previousiyaable, LAPACK provides
more comprehensive and better error bounds. Our goal isotoda error bounds for
most quantities computed by LAPACK.”

In many cases the routines return the bounds directly; iarathses the Users’ Guide gives details
of error bounds and provides code fragments to compute thmseds.
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As an example, routine DGES\P%olves a system of linear equatioAsX = B, whereB is a
matrix of one or more right-hand sides, using Gaussian eétion with partial pivoting. Part of the
interface is

SUBROUTI NE DGESVX( ..., RCOND, FERR, BERR, WORK, ..., |INFO

where the displayed arguments return the following infdroma

RCOND - Estimate of reciprocal of condition numbey,x(A)

FERR(j) - Estimated forward error fok;

BERR(j) - Componentwise relative backward error f6¢ (smallest relative
change in any element of and B; that makesX; an exact solu-
tion)

WORK(1) - Reciprocal of pivot growth factot,/g

I NFO - Returns a positive value if the computed triangular faéfors

singular or nearly singular

Thus DGESVX is returning all the information necessary tdggl the quality of the computed
solution.

The routine returns an estimate Iofk(A), rather than<(A) to avoid overflow whem is singular,

or very ill-conditioned. The argument INFO is the LAPACK warg or error flag, and is present in
all the LAPACK user callable routines. It returns zero oncassful exit, a negative value if an input
argument is incorrectly supplied, for example< 0, and a positive value in the case of failure, or
near failure as above. In the above example, INFO returnsahe; if u;; = 0, in which case no
solution is computed sindg is exactly singular, but returns the valae-1if 1/x(A) < w, in which
caseA is non-singular to working precision. In the latter caselatgm is returned, and so INFO =
n+1 acts as a warning that the solution may have no correct difits routine also has the option to
equilibrate the matrix4d. See the documentation of the routine for further inforongtieither in the
Users’ Guide, or in the source code available from netlitp(fitvww.netlib.org/lapack/index.html).

As a second example from LAPACK, routine DGEEVX solves tlgeaproblemAxz = Az for the
eigenvalues and eigenvectorg, x;,7 = 1,2,...,n of then by n matrix A. Optionally, the matrix
can be balanced and the left eigenvectorg @fan also be computed. Part of the interface is

SUBROUTI NE DGEEVX( ..., ABNRM RCONDE, RCONDV, ... )
where the displayed arguments return the following infdroma
ABNRM - Norm of the balanced matrix

RCONDE(i) - Reciprocal of the condition number for thih eigenvalues;
RCONDV(:) - Reciprocal of the condition number for thi eigenvector, sgp

8n the LAPACK naming scheme the D stands for double precjs&fh for general matrix, SV for solver and X for
expert driver
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Following a call to DGEEVX, approximate error bounds for ttemputed eigenvalues and eigen-
vectors, say EERRBD)and VERRBDY(), such that

A — Al
H(ﬁz, Vi)

EERRBD()

<
< VERRBD(i),

wheref(7;, ;) is the angle between the computed and true eigenvector, magtbrned by the
following code fragment, taken from the Users’ Guide:

EPSMCH = DLAMCH(' E')

DO10 1 =1, N
EERRBD(1) = EPSMCHr ABNRM RCONDE( | )
VERRBD( 1) = EPSMCH+ ABNRM RCONDV( | )

10 CONTI NUE

These bounds are based upon Table 3, extracted from TalwéthesL APACK Users’ Guide, which
gives approximate asymptotic error bounds for the nonsymmeigenproblem. These bounds

Simple eigenvalug |\; — \;| < || Ell,/ s
Eigenvector 0, vi) S IIE| p/sen

~

Table 3: Asymptotic Error Bounds fotz = Az

assume that the eigenvalues are simple eigenvalues. Iticadiflithe problem is ill-conditioned,
these bounds may only hold for extremely snjjdl||, and so the Users’ Guide also provides a table
of global error bounds which are not so restrictive||d|,. The tables in the Users’ Guide include
bounds for clusters of eigenvalues and for invariant sulespaand these bounds can be estimated
using DGEESX in place of DGEEVX. For further details see TARACK Users’ Guide [Anderson

et al., 1999, Chapter 4] and for further information see Ga@lod Van Loan [1996, Chapter 7] and
Stewart and Sun [1990].

LAPACK is freely available via netlity is included in the NAG Fortran 77 Library and is the basis
of the dense linear algebra in the NAG Fortran 90 and C LibsariTuned versions of a number
of LAPACK routines are included in the NAG Fortran SMP LibraiThe matrix computations of
MATLAB have been based upon LAPACK since Version 6 [MathVprikligham and Higham,
2000].

We now take an example from the NAG Fortran Library. Routir®BJF is a general purpose
integrator using an adaptive procedure, based on the QUABRAuUtine QAGS [Piessens et al.,
1983], which performs the integration

b
1= [ s,
wherela, b] is a finite interval. Part of the interface to DO1AJF is

SUBRCOUTI NE DO1AJF( ..., EPSABS, EPSREL, RESULT, ABSERR, ... )

®http://www.netlib.org/lapack/index.html
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where the displayed arguments return the following infdroma

EPSABS - The absolute accuracy required

EPSREL - The relative accuracy required
RESULT - The computed approximation fo
ABSERR - An estimate of the absolute error

In normal circumstanceABSERR satisfies
|I — RESULT| < ABSERR < max(EPSABS, EPSREL x |I]).

See the NAG Library documentation [NAG, 2003] and Piessera.1983] for further details.
QUADPACK is freely available from netl9, and a Fortran 90 version of QAGS is available from
the more recent quadature package, CUBPACK [Cools and Heaaage 2003], which is also avail-
able from netlib. Typically the error estimate for a quadratroutine is obtained at the expense
of additional computation with a finer interval, or mesh, loe use of a higher order quadrature
formula.

As a second example from the NAG Library we consider the mwiwf an ODE. Routine DO2PCF
integrates
, :
y = f(t,y), giveny(to) = yo,
wherey is then element solution vector andis the independent variable, using a Runge-Kutta
method. Following the use of DO2PCF, routine DO2PZF may lexlus compute global error
estimates. Part of the interface to DO2PZF is

SUBROUTI NE DO2PZF( RMSERR, ERRMAX, TERRMX, ... )

where the displayed arguments return the following infdroma

RVMSERR(i) - Approximate root mean square error fpr
ERRMAX - Maximum approximate true error
TERRMX - First point at which maximum approximate true error ocedrr

The assessment of the error is determined at the expensengiutiog a more accurate solution
using a higher order method to that used for the originalt&wiu

The NAG DO2P routines are based upon the RKSUITE softwarerbplBn et al. [1992], which is
also available from netltd. See also Shampine and Gladwell [1992] and Brankin et a@JJL9A
Fortran 90 version of RKSUITE is also availablgsee Brankin and Gladwell [1997].

Many routines in the NAG Library attempt to return infornzatiabout accuracy. The documentation
of the routines includes a section labelled “Accuracy” vilhiiwhen appropriate, gives further advice
or information. For instance, the optimization routinesgmlly quote the optimality conditions

that need to be met for the routine to be successful. Thedmeguare cautious, and sometimes
return a warning, or error, when it is likely that an optimuwirg has been found, but not all the
optimality conditions have been met. NAG and the authorsi@foutines feel that this is much the
best approach for reliability — even if users would somesipeefer that we were more optimistic!

BOhttp://www.netlib.org/quadpack/
Uhttp:/iwww.netlib.org/ode/rksuite/
2http:/iwww.netlib.org/ode/rksuite/ or http://www.niétorg/toms/771
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8 Other Approaches

What does one do if the software does not provide suitabimatss for the accuracy of the solution,
or the sensitivity of the problem? One approach is to run tlebdlpm with perturbed data and
compare solutions. Of course, the difficulty with this agmio is to know how best to choose
perturbations. If a small perturbation does significantiaroge the solution, then we can be sure
that the problem is sensitive, but of course we cannot relherconverse. If we can have trust that
the software implements a stable method, then any sengitivihe solution is due to the problem,
but otherwise we cannot be sure whether it is the method dlgmothat is sensitive.

To help estimate such sensitivity there exists softwareubeas stochastic methods to give statistical
estimates of backward error, or of sensitivity. One suchrgta, PRECISE, is described in Chaitin-
Chatelin and Frayssé [1996, Chapter 8] and provides a raddustatistical backward error analysis
as well as a module for sensitivity analysis. Another exan®ICADNAL; see for example Vignes
[1993].

Another approach to obtaining bounds on the solution is sleefiinterval arithmetic, in conjunction
with interval analysis [Moore, 1979; Kreinovich; Alefeld@Mayer, 2000]. Some problems can be
successfully solved using interval arithmetic throughbut for some problems the bounds obtained
would be far too pessimistic; however interval arithmeta often be applied as an posteriori tool to
obtain realistic bounds. We note that there is a nice intamtimetic toolbox for Matlab, INTLAB,

by Rump [1999] that is freely availabteé see also Hargreaves [2002]. It should be noted that in
general, the aim of interval arithmetic is to return forwardor bounds on the solution.

Example 8.1 (Cancellation and interval arithmetic)

As a very simple example consider the computation of Example 3.1 using four figure interval
arithmetic. Bearing in mind that interval arithmetic wonksth intervals that are guaranteed to
contain the exact solution, we find that

s=[s1 s2] = [1.000 1.000] + [1.000 x 10* 1.000 x 10*] — [1.000 x 107 1.000 x 10*]
[1.000 x 10*  1.001 x 10*] — [1.000 x 10* 1.000 x 10%]
= [0 10],

so whilst the result is somewhat pessimistic, it does givewlarning of the cancellation.
Finally we comment that one should not be afraid to exertqumeson software developers to provide

features that allow one to estimate the sensitivity of tlabj@m and the accuracy of the solution.

9 Summary

We have tried to illustrate the niceties of numerical corapah and the detail that needs to be
considered when turning a numerical algorithm into rekalbbbust numerical software. We have
also tried to describe and illustrate the ideas that needetarinlerstood to judge the quality of

13At the time of writing, a free academic version is availattand http://www-anp.lip6.fr/cadna/Accueil.php
Yhttp://www.ti3.tu-harburg.de/english/index.html
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a numerical solution, especially condition, stability aglor analysis, including the distinction
between backward and forward errors.

We emphasise that one should most certainly be concernad #i® quality of computed solu-
tions, and use trustworthy quality software. We cannothlithely assume that results returned by
software packages are correct.

This is not always easy since scientists wish to concentmatiéheir science and should not really
need to be able to analyse an algorithm to understand whathet it is a stable method for solving
their problem. Hence the emphasis in this report on the algiity of software providing proper
measures of the quality of the solution.

We conclude with a quotation:

“You have been solving these damn problems better than | cam fnem.”
Sir Edward Bullard, Director NPL, in a remark to Wilkinsontime mid 1950s. See
Wilkinson [1985, p. 11].

Software developers should strive to provide solutionsdhaat least as good as the data deserves.
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