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In tro duction

This module cortains three proceduresand one derived type as follows.

2 nag.con_nlin _Isq _sol

Please note that this procedure is scheluled for withdrawal from the Library at a future release.
Computesa constrained minimum of a smooth (nonlinear) sum of squaresfunction subject to a set
of constraints (which may include simple bounds on the variables, linear constraints and smooth
nonlinear constraints), using a sequetial quadratic programming (SQP) method. It may also be
used for unconstrained, bound-constrained and linearly constrained optimization. As many rst

derivativesas possibleshould be supplied by the user; any unspeci ed derivativesare approximated
by nite di®erences. It treats all matrices as denseand henceis not intended for large sparse
problems.

2 nag.con_nlin _sqg _sol _1
Supersedesnag_con_nlin _Isq _sol , which will be withdrawn from the Library at a future release.
Computesa constrained minimum of a smooth (nonlinear) sum of squaresfunction subject to a set
of constraints, but avoids unnecessaryfunction evaluations whilst verifying and/or approximating
derivativesby nite di®erences.

2 pag.con.nlin _Isg _cntrl _init assignsdefault values to the componerts of a structure of the
derived type nag_con_nlin _Isq _cntrl _wp.

2 npag.con.nlin _Isq _cntrl _.wp may be used to supply optional parameters to the procedures
nag_con_nlin _Isq _sol and nag_con_nlin _sq _sol _1.
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Pro cedure: nag_con_nlin _Isqg_sol

Please note that this procedure is schaluled for withdrawal from the Library at a future release.

1 Description

nag.con_nlin _Isq _sol is designedto solve a nonlinear least-squaresproblem | minimizing a smooth
(nonlinear) sum of squaresfunction subject to constraints on the variables.

The problem is assumedto be stated in the following form:

8 9
xn < X =

minimize F(x)=3  (fi(x)i yi)? subjectto |- A x - u (1)
X2R i1 . C(X)'

where F (x) is a nonlinear objective function, the f;(x) are subfunctions, the y; are constart and the
constraints are grouped as follows:

n simple bounds on the variables x;
n, linear constraints, de ned by the n_ by n constart matrix A_;
n, nonlinear constraints, de ned by the vector ¢(x) of constraint functions.

(The functions fi(x) i y; are often referred to as ‘residuals'.) The subfunctions and the constraint
functions are assumedto be smaoth, i.e., at least twice-cortinuously di®ereriiable. (The method used
by this procedurewill usually solve (1) if there are only isolated discortin uities away from the solution.)

The simple boundson the variables, the linear constraints and the nonlinear constraints are distinguished
from one another for reasonsof computational exciency (although the simple bounds could have been
included in the de nition of the linear constraints, and the linear constraints in the de nition of the
nonlinear constraints). There may be no linear constraints, in which casethe matrix A, is empty
(n_ = 0), or no nonlinear constraints, in which casethe vector c(x) is empty (n, = 0).

Upper bounds and/or lower bounds can be speci ed separately for the variables and constraints. An
eguality constraint can be speci ed by setting I; = u;. If certain bounds are not presen, the assiated
elemerns of | and u can be setto special valuesthat will be treated asijl or +1 .

You must supply an initial estimate of the solution to (1), together with a procedureobj _fun that de nes
the subfunctionsf (x) (seeSection3.1), and (if n, > 0) a procedurecon_fun which de nesthe nonlinear
constraint functions ¢(x) (seeSection 3.2). On ewery call, these proceduresmust return values of f (x)
and c(x), and as many partial derivativesas possible. For maximum reliabilit y, you should provide all
partial derivatives(seeChapter 8 of Gill et al. [10] for a detailed discussion). Any derivativeswhich are
not provided are approximated by nite di®erences.

Seweral options are available for controlling the operation of this procedure, covering facilities sud
as:

printed output, at the end of ead iteration and at the "nal solution;

verifying or estimating partial derivatives;

algorithmic parameters, suc astolerancesand iteration limits.
Theseoptions are grouped together in the optional argumert control , which is a structure of the derived
type nag.con_nlin _Isq _cntrl _wp.

The method used by this procedureis described in detail in the Mathematical Background section of
this module documert.
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2 Usage

USEnag-con.nlin _Isq

CALLnag con.nlin _Isq _sol(obj _fun, x, obj_f, f [, optional argumerts])

3 Argumen ts

Note. All array arguments are assumed-shape arrays. The extent in eadh dimension must be exactly that required by
the problem. Notation such as x(n)' is used in the argument descriptions to specify that the array x must have exactly n
elemernts.

This procedure derives the values of the following problem parameters from the shape of the supplied
arrays.

m, 1| the number of subfunctions or “residuals'
n, 1 | the number of variables
0| the number of linear constraints

0| the number of nonlinear constraints

n.
Ny

5

5

3.1 Mandatory Argumen ts

obj_fun | subroutine

The procedure obj _fun, supplied by the user, must calculate the vector f (x) of subfunctions and
(optionally) its Jacobian (= @ =@) at a speci ed point x.

Its speci cation is:

subroutine obj fun(first _call, x, finish, f, f_jac)

logical, intent(in) i first  _call
Input; first _call will be .true. when this procedure calls obj -fun for the “rst time,

and .false. for all subsequen calls. It allows you to save computation time if certain
data must be read or calculated only once. Seealso the description of f _jac .

real(kind= wp), intent(in) = x(:)
Shape: x hasshape (n).

Input: the point x at which the subfunctions and (optionally) elemers of the objective
Jacobian are to be evaluated.

logical, intent(inout) . finish
Input: finish  will always be .false. on ertry.

Output: if you wish to terminate the call to this procedure, you should set finish to
true. , and then this procedurewill terminate with error%code = 201.

real(kind= wp), intent(out) 1 f(:)
Shape: f hasshape (m).

Output: f( i) must cortain the value of the ith subfunction f; at the point x, for
i=1,2:00m.
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real(kind= wp), intent(inout), optional : f _jac( :;:)
Shape: f _jac hasshape (m;n).
Input; if f_jac is presen, its elemeris must remain unchanged except as speci ed below.
Output: if f _jac is presen, then:

if f _deriv = .true. (the default; seeSection3.2), the ith row of f jac must contain
all the elemers of the vector r f; given by

ctea e
oeee e

where @;=@; is the partial derivative of the ith subfunction with respectto the jth

variable evaluated at the point x, fori = 1;2;:::;mandj = 1;2;:::;n. Constart
elemeris need be loaded into f jac only during the “rst call to obj fun (when
first _call = .true. ). This facility is useful when many Jacobian elemeris are
identically zero, in which casef jac may be initialized to zero during the rst call
to obj _fun. Note that although a constart non-zeroelemern f jac( i;j) only needs
to be set on the rst call to obj _fun, the corresponding i in the de nition of f( i)

must be re-ewvaluated ead time that obj _fun is called.

If f_deriv = .false. , any available partial derivatives of f;(x) must be assigned
to the corresponding elemerts in the ith row of f jac ; the remaining elemers must
remain unchangel. Just before obj _fun is called, each elemen of f jac is setto a
special value. On return from this procedure,any elemern that retains the value is
estimated by "nite di®erencesat non-trivial expense.If you do not supply a value
for control%diff _int (seethe type de nition for nag.con.nlin _Isq _cntrl _wp),

an interval for ead elemen of x is computed automatically at the start of the

optimization. The automatic procedure can usually identify constart elemers of
f _jac , which are then computed onceonly by Tnite di®erences.

Note: obj _fun should be thoroughly tested before being supplied to this procedure. The
componerts cheap_test , obj verify and major _iter _lim of the optional argumert control can
be usedto assistthis process(seethe type de nition of nag_con_nlin _Isqg cntrl _wp).

x(n) | real(kind=wp), intent(inout)
Input: an initial estimate of the solution.
Output: the nal estimate of the solution.

obj_f | real(kind= wp), intent(out)
Output: the value of the objective function at the "nal iterate.

f(m) | real(kind= wp), intent(out)
Output: f (i) contains the value of the ith subfunction f; at the nal iterate, fori = 1;2;:::;m.

3.2 Optional Argumen ts

Note. Optional arguments must be supplied by keyword, not by position. The order in which they are described below
may di®er from the order in which they occur in the argument list.

f_deriv | logical, intent(in), optional

Input: speci es whether or not all elemers of the objective Jacobian are provided by the user-
supplied procedureobj _fun.

If f _deriv = .true. (the default), then all elemerts of the objective Jacobianmust be provided
by obj _fun via its argumert f jac .
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If f_deriv = .false. , then it is assumedthat someelemeris of the objective Jacobian are
not provided; this procedurewill estimate them using nite di®erences.The computation of
“nite di®erenceapproximations usually increasesthe total run-time, sincea call to obj fun
is neededfor eadh variable for which partial derivatives are estimated. For example, if the
Jacobian has the form

0 1

é‘?

where @' indicates an elemen provided by the user and *?' indicates an elemen to be
estimated, this procedure will call obj _fun twice: onceto estimate the missing elemen in
column 2, and again to estimate the two missing elemers in column 3. (Since columns 1, 4
and 5 are known, they require no callsto obj _fun.) Furthermore, lessaccuracycanbe attained
in the solution (seeChapter 8 of Gill et al. [10] for a discussionof limiting accuracy). At times,
certral di®erencesare usedrather than forward di®erencesjn which casetwice as many calls
to obj _fun are needed. (The switch to certral di®erenceds determined by considerationsof
accuracy and is not under user cortrol.)

f deriv = .true. should be usedwheneer possible,sincethis procedureis more reliable (and will
usually be more excient) when all derivativesare exact.

Default: f _deriv = .true.

o o
g oo
g -y o
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fjac(m;n) | real(kind= wp), intent(out), optional

Output: the Jacobian matrix of the subfunctions at the nal iterate (or its "nite di®erence
approximation), i.e., f jac( i;j) corntains the value of the partial derivative @;=@; at the nal
point givenin x, fori = 1;2;:::;mandj = 1;2;:::;n.

y(m) | real(kind= wp), intent(in), optional
Input: the coexcients of the constart vectory.
Default: y = 0.0.

x _lower(n) | real(kind=wp), intent(in), optional

x_upp er(n) | real(kind=wp), intent(in), optional
Input: the lower and upper bounds on all the variables. To specify a non-existert lower bound
(ie., I; = j1 ), set x_lower(j) - j control%inf _bound to specify a non-existert upper

bound (i.e., u; = +1), set x_upper(j) , +control%inf _bound (see the type de nition for
nag-con_nlin _Isq _cntrl _wp).

Constraints:
x_lower (j) - x_upper(j) forj = 1;2;:::;n;
j ] < control%inf _boundwhen x_lower (j) = x_upper(j) = .

Default: x_lower = j control%inf _bound x_upper = + control%inf _bound

a(n_;n) | real(kind= wp), intent(in), optional
Input: the ith row of a must cortain the coezcients of the ith linear constraint, fori = 1;2;:::;n,.
Default: the problem corntains no linear constraints (i.e., n, = 0).

lin _lower(n.) | real(kind=wp), intent(in), optional
lin _upp er(n.) | real(kind=wp), intent(in), optional

Input: the lower and upper bounds on all the linear constraints. To specify a non-existert lower
bound (i.e., I; = i1 ), setlin _lower( j) - i control%inf _bound to specify a non-existert upper
bound (i.e., u; = +1), setlin _upper(j) , +control%inf _bound (seethe type de nition for
nag-con_nlin _Isq _cntrl _wp).
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Constraints:
lin _lower and lin _upper must not be presen unlessa is presen;
lin _lower(j) - lin _upper(j) forj = 1;2;:::;n.;
i ] < control%inf _boundwhenlin _lower (j) = lin _upper(j) = .

Default: lin _lower = j control%inf _bound lin _upper = +control%inf _bound

num _nlin _con | integer, intent(in), optional
Input: the number of nonlinear constraints, n, .
Constraints: numnlin _con must be presern if con_fun is presern; numnlin _con, O.
Default: numnlin _con = 0.

con _deriv | logical, intent(in), optional
Input: speci es whether or not all elemerts of the constraint Jacobian are provided by the user-
supplied procedure con_fun.

If con_deriv = .true. (the default), then all elemens of the constraint Jacobian must be
provided by con_fun via its argumert con_jac .
If con_deriv = .false. , then it is assumedthat someelemerns of the constraint Jacobian

are not provided; this procedurewill estimate them using nite di®erences.The computation
of "nite di®erenceapproximations usually increasesthe total run-time, sincea call to con_fun
is neededfor ead variable for which partial derivatives are estimated. For example, if the
Jacobian has the form

1

0

o o]
& 5

o o]
where @' indicates an elemen provided by the user and *?' indicates an elemen to be
estimated, this procedure will call con_fun twice: onceto estimate the missing elemen in
column 2, and again to estimate the two missing elemers in column 3. (Since columns1, 4
and 5 are known, they require no callsto con_fun.) Furthermore, lessaccuracycan be attained
in the solution (seeChapter 8 of Gill et al. [10] for a discussionof limiting accuracy). At times,
certral di®erencesare usedrather than forward di®erencesjn which casetwice as many calls

to con_fun are needed. (The switch to certral di®erenceds determined by considerationsof
accuracy and is not under user cortrol.)

con_deriv = .true. should be usedwhenewer possible,sincethis procedureis more reliable (and
will usually be more excient) when all derivativesare exact.

Constraints: con_deriv. must not be presert unlesscon_fun and numnlin _con are presen.

g oo
g - Q
o o oo

Default: con_deriv = .true.

con _fun | subroutine, optional

The procedurecon_fun, supplied by the user, must calculate the vector c(x) of nonlinear constraint
functions and (optionally) its Jacobian (= @=@) at a speci ed point X.

Its speci cation is:

subroutine con_fun(first _call, x, finish, needc, con.f, conjac)

logical, intent(in) i first _call
Input: first _call will be .true. when this procedure calls con_fun for the rst time,
and .false. for all subsequen calls. It allows you to save computation time if certain
data must be read or calculated only once. Seealso the description of con_jac .
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real(kind= wp), intent(in) = x(:)
Shape: x hasshape (n).

Input: the point x at which the constraint functions and (optionally) elemerns of the
constraint Jacobian are to be evaluated.

logical, intent(inout) . finish
Input: finish  will always be .false. on enry.

Output: if you wish to terminate the call to this procedure, you should set finish to
.true. , and then this procedurewill terminate with error%code = 201.

integer, intent(in) I needc(:)
Shape: needc has shape (ny).

Input: speci es the indices of the elemers of con_f and (optionally) con_jac that must
be evaluated. If needc(i) > 0, then the ith elemen of con_f, and (optionally) elemers of
the ith row of con_jac , must be evaluated at x, fori = 1;2;:::;n,.

real(kind= wp), intent(inout) : conf( 2)
Shape: con_f hasshape (ny).
Input: the zerovector.

Output: if needc(i) > 0, con_f( i) must contain the value of the ith nonlinear constraint
at the point x, for i = 1;2;:::;n: Otherwise, con_f( i) neednot be set.

real(kind= wp), intent(inout), optional :  conjac( :;:)
Shape: con_jac hasshape (ny;n).
Input: if con_jac is presen, its elemers must remain unchangedexceptasspeci ed below.
Output: if con_jac is presen, then for eat i such that needc(i) > O:

if con_deriv = .true. (the default), the ith row of con_jac must contain all the
elemers of the vector r ¢ given by
u 1
o @@ @
@ @@

where @;=@; is the partial derivative of the ith constraint with respect to the jth
variable evaluated at the point x, fori = 1;2;:::;ny andj = 1;2;:::;n. Constant
elemeris need be loaded into con_jac only during the “rst call to con_fun (when
first _call = .true. ). This facility is useful when many Jacobian elemerns are
identically zero, in which casecon_jac may be initialized to zero during the rst
call to con_fun. Note that although a constart non-zeroelemen con_jac( i; j) only
needsto be set on the rst call to con_fun, the corresponding i in the de nition of
con_f( i) must be re-ewaluated ead time that con_fun is called.

If con_deriv = .false. , any available partial derivativesof ¢;(x) must be assigned
to the corresponding elemeris in the ith row of con_jac ; the remaining elemens must
remain unchangel. Just before con_fun is called, ead elemen of con_jac is setto

a special value. On return from this procedure,any elemert that retains the valueis
estimated by nite di®erencesat non-trivial expense.If you do not supply a value
for control%diff _int (seethe type de nition for nag.con.nlin _Isq _cntrl _wp),

an interval for ead element of x is computed automatically at the start of the

optimization. The automatic procedure can usually identify constart elemers of
con_jac , which are then computed onceonly by nite di®erences.

If needc(i)- O, the ith row of con_jac neednot be set.
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Note: if there are any nonlinear constraints, then the “rst call to con_fun will precedethe rst call
to obj fun (seeSection 3.1). con_fun should be thoroughly tested before being supplied to this
procedure. The componerts cheap_test , con_verify and major _iter _lim of the optional argumert
control canbe usedto assistthis process(seethe typede nition for nag.con_nlin _Isq _cntrl _wp).

Constraints: con_fun must be presen if numnlin _con is present and greater than zero.

con_f(ny) | real(kind=wp), intent(out), optional
Output: con_f (i) contains the value of the ith nonlinear constraint function ¢; at the "nal iterate,
fori=1;2;:::;n,.
Constraints: con_f must not be present unlesscon_fun and numnlin _con are presen.

con_jac(ny;n) | real(kind=wp), intent(out), optional
Output: the Jacobian matrix of the nonlinear constraint functions at the "nal iterate (or its "nite
di®erenceapproximation), i.e., conjac( i; j) contains the value of the partial derivative @;=@; at
the "nal point givenin x, fori = 1;2;:::;ny andj = 1;2;:::;n.
Constraints: con_jac must not be presen unlesscon_fun and numnlin _con are presen.

nlin _lower(ny) | real(kind= wp), intent(in), optional

nlin _upp er(ny) | real(kind=wp), intent(in), optional
Input: the lower and upper bounds on all the nonlinear constraints. To specify a non-existert
lower bound (i.e., I; = i1 ), setnlin _lower( j) - i control%inf _bound to specify a non-existert
upper bound (i.e., u; = +1 ), setnlin _upper(j) , +control%inf _bound (seethe type de nition
for nag_con_nlin _sq _cntrl _wp).

Constraints:

nlin _lower and nlin _upper must not be presert unless con_fun and numnlin _con are
preser;

nlin _lower (j) - nlin _upper(j) forj = 1;2;:::;ny;
i j < control%inf _boundwhennlin _lower (j) = nlin _upper(j) = .

Default: nlin _lower = j control%inf _bound nlin _upper = +control%inf _bound

cold _start | logical, intent(in), optional

Input: cortrols the speci cation of the initial working setin both the procedurefor nding a feasible
point for the linear constraints and bounds, and in the "rst QP subproblem thereafter.

With a cold start (i.e., cold _start = .true. ), this procedure choosesthe rst working set
basedon the valuesof the variablesand constraints at the initial point. Broadly speaking, the
initial working set will include equality constraints and bounds or inequality constraints that
violate or “nearly' satisfy their bounds (to within the crashtolerance control%crash _tol ; see
the type de nition for nag.con_nlin _Isq _cntrl _wp).

With awarm start (i.e., cold _start = .false. ), the arrays x_state , lin _state (if n, > 0),
nlin _state and nlin _lambda (if n, > 0) together with the array r, must be supplied and
initialized. The arrays x_state and lin _state determine the initial working set of the
procedureto "nd a feasiblepoint with respect to the bounds and linear constraints, whereas
the array nlin _state determinesthe initial working set of the “rst QP subproblem after such
a feasible point has beenfound. This procedurewill override the cortents of these arrays if
necessarysothat a poor choice of the working set will not causea fatal error. A warm start
will be advantageousif a good estimate of the initial working set is available, for example
when this procedureis called repeatedly to solve related problems.

Default: cold _start = .true.
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x _state( n) | integer, intent(inout), optional
Input: if cold _start = .true. (the default), x_state neednot be initialized.
If cold start = .false. , x_state speci es the status of the upper and lower bounds on
the variables which together with the array lin _state de ne the initial working set for the

procedurethat "nds a feasiblepoint for the linear constraints and bounds. Possiblevaluesfor
x_state (j) are asfollows:

x_state (j) Meaning
0 The corresponding constraint should not be in the initial QP working set.
1 This constraint should be in the working set at its lower bound.
2 This constraint should be in the working set at its upper bound.
3 This constraint should be in the initial working set. This value must not be

speci ed unlessthe corresponding lower and upper bounds are equal.

Any other values will be modi ed by this procedure. Note that x_state already contains valid
valuesif it was presen in a previous call with the samevalue of n. (Seealso the description of
cold _start .) This procedure also adjusts (if necessary)the values supplied in x to be consistert
with x_state .

Output: the status of the constraints in the QP working set at the point returned in x. The
signi cance of eac possiblevalue of x_state (j) is as follows:

x_state (j) Meaning

i 2 This constraint violates its lower bound by
more than the linear feasibility tolerance control%lin _feas _tol (seethe type
de nition for nag_con_nlin _Isq _cntrl _wp). This value can only occur when no
feasiblepoint can be found for a QP subproblem.

il This constraint violates its upper bound by more than the linear feasibility
tolerance. This value can only occur when no feasible point can be found for
a QP subproblem.

0 This constraint is satis ed to within the linear feasibility tolerance, but is not in

the QP working set.

1 This constraint is included in the QP working set at its lower bound.
2 This constraint is included in the QP working set at its upper bound.
3 This constraint is included in the QP working set as an equality. This can only
occur when the corresponding upper and lower bounds are equal.
Constraints: if cold _start = .false. , x_state must be presen.

lin _state( n_) | integer, intent(inout), optional
Input: if cold _start = .true. (the default), lin _state neednot be initialized.
If cold start = .false. , lin _state speci es the status of the upper and lower bounds on
the linear constraints which together with the array x_state de ne the initial working set for
the procedurethat nds a feasiblepoint for the linear constraints and bounds. Possiblevalues
for lin _state (j) are asfollows:

lin _state (j) Meaning
0 The corresponding constraint should not be in the initial QP working set.
1 This constraint should be in the working set at its lower bound.
2 This constraint should be in the working set at its upper bound.
3 This constraint should be in the initial working set. This value must not be

speci ed unlessthe corresponding lower and upper bounds are equal.

Any other valueswill be modi ed by this procedure. Note that lin _state already contains valid
valuesif it was presert in a previous call with the samevalue of n,_. (Seealso the description of
cold _start .)

Output: the status of the constraints in the QP working set at the point returned in x. The
signi cance of eat possiblevalue of lin _state (j) is as follows:
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lin _state (j) Meaning
i 2 This constraint violatesits lower bound by more than the linear feasibility tolerance
control%lin _feas tol (seethe type de nition for nag.con.nlin _Isq _cntrl _wp).
This value can only occur whenno feasiblepoint can be found for a QP subproblem.
il This constraint violates its upper bound by more than the linear feasibility
tolerance. This value can only occur when no feasible point can be found for a
QP subproblem.
0 This constraint is satis ed to within the linear feasibility tolerance, but is not in
the QP working set.

1 This constraint is included in the QP working set at its lower bound.
2 This constraint is included in the QP working set at its upper bound.
3 This constraint is included in the QP working set as an equality. This can only
occur when the corresponding upper and lower bounds are equal.
Constraints: lin _state must not be presert unless a is presen. If cold start = .false. |,

lin _state must be presen if n, > 0.

nlin _state( ny) | integer, intent(inout), optional
Input: if cold _start = .true. (the default), nlin _state neednot be initialized.
If cold _start = .false. , nlin _state speci esthe status of the upper and lower bounds on
the nonlinear constraints, which together with the active setat the conclusionof the procedure

to nd afeasiblepoint for the linear constraints and bounds, de ne the initial working set for
the rst QP subproblem. Possiblevaluesfor nlin _state (j) are as follows:

nlin _state (j) Meaning
0 The corresponding constraint should not be in the initial QP working set.
1 This constraint should be in the working set at its lower bound.
2 This constraint should be in the working set at its upper bound.
3 This constraint should be in the initial working set. This value must not be

speci ed unlessthe corresponding lower and upper bounds are equal.

Any other valueswill be modi ed by this procedure. Note that nlin _state already contains valid
valuesif it was present in a previous call with the samevalue of n,. (Seealso the description of
cold _start .)

Output: the status of the constraints in the QP working set at the point returned in x. The
signi cance of ead possiblevalue of nlin _state (j) is asfollows:

nlin _state (j) Meaning
i 2 This constraint violates its lower bound by more than the nonlinear
feasibility tolerance control%nlin _feas tol (see the type de nition for
nag-con_nlin _Isq _cntrl _wp). This value can only occur when no feasible point
can be found for a QP subproblem.
il This constraint violates its upper bound by more than the nonlinear feasibility
tolerance. This value can only occur when no feasible point can be found for a
QP subproblem.
0 This constraint is satis ed to within the nonlinear feasibility tolerance, but is not
in the QP working set.
This constraint is included in the QP working set at its lower bound.
This constraint is included in the QP working set at its upper bound.
3 This constraint is included in the QP working set as an equality. This can only
occur when the corresponding upper and lower bounds are equal.
Constraints: nlin _state must not be present unlesscon_fun and numnlin _con are presen. |If
cold _start = .false. , nlin _state must be presert if n, > 0.

N -

x_lambda(n) | real(kind=wp), intent(out), optional

Output: the values of the QP multipliers for the bound constraints from the last QP
subproblem. x_ambda(j) should be non-negative if x_state (j) = 1 and non-positive if
X_state (j) = 2.
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lin lambda(n_ ) | real(kind=wp), intent(out), optional

Output: the valuesof the QP multipliers for the linear constraints from the last QP subproblem.
lin _lambda(j) should be non-negative if lin _state (j) = 1 and non-positive if lin _state (j) = 2.

Constraints: lin _lambda must not be presen unlessa is presen.

nlin _lambda(ny) | real(kind=wp), intent(inout), optional

Input: if cold _start = .true. (the default), nlin Jlambda need not be initialized. If
cold _start = .false. , nlin _lambda must contain a multiplier estimate for ead nonlinear
constraint with a signthat matchesthe status of the constraint speci ed by the array nlin _state .
Note that:

if the jth constraint is de ned as ‘inactive' (nlin _state( j) = 0), nlin _ambda(j) should be

Zero;

if the jth constraint is an inequality active at its lower bound (nlin _state( j) = 1),

nlin _lambda(j) should be non-negative;

if the jth constraint is an inequality active at its upper bound (nlin _state( j) = 2),

nlin _lambda(j) should be non-positive.
If necessarythis procedurewill modify nlin _lambdato match theserules.

Output: the valuesof the QP multipliers for the nonlinear constraints from the last QP subproblem.
nlin _lambda(j) should be non-negatiwe if nlin _state( j) = 1 and non-positive if nlin _state( j)

= 2.
Constraints: nlin _lambda must not be presert unlesscon_fun and numnlin _con are presen. If
cold _start = .false. , nlin _lambda must be presen if n, > 0.

r(n;n) | real(kind= wp), intent(inout), optional
Input: if cold _start = .true. (the default), r neednot be initialized.

If cold start = .false. , r must contain the upper triangular Cholesky factor R of the initial
approximation of the Hessianof the Lagrangian function, with the variablesin the natural order.
Elemerts in the strictly lower triangular part of r are assumedto be zeroand neednot be assigned.

Note that r already cortains satisfactory information if it was present in a previous call

to this procedure with control%hessian = .true. (the default; seethe type de nition for
nag.con_nlin _Isq _cntrl _wp).
Output: if control%hessian = .true. , r cortains the upper triangular Cholesky factor R of H,

the approximate (untransformed) Hessianof the Lagrangian, with the variablesin the natural order.

If control%hessian = .false. ,r cortains the upper triangular Cholesky factor R of Q" HQ, an
estimate of the transformed and re-ordered Hessianof the Lagrangian at x (see(10) in Section 1
of the Mathematical Background section of this module documert).

Constraints: if cold _start = .false. , r must be presert.

major _iter | integer, intent(out), optional
Output: the number of major iterations performed.

minor _iter | integer, intent(out), optional
Output: the number of minor iterations performed.

control | type(nag.con.nlin_lsg_cntrl _wp), intent(in), optional

Input: a structure containing scalar componerts; these are used to alter the default values of
those parameters which corntrol the behaviour of the algorithm and level of printed output.
The initialization of this structure and its use is described in the procedure documert for
nag.con_nlin _Isq _cntrl _init
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error | type(nagerror), intent(inout), optional

The NAG fl90 error-handling argumert. Seethe Essertial Introduction, or the module documert
nag-error _handling (1.2). You are recommendedto omit this argumernt if you are unsure how to
useit. If this argumen is supplied, it must be initialized by a call to nag_set _error before this
procedureis called.

4 Error Codes

Fatal errors (error%lev el = 3):

error%co de Description

301 An input argumert hasan invalid value.

302 An array argumert hasan invalid shape.

303 Array argumerts have inconsistert shapes.

305 Invalid absenceof an optional argumert.

320 The procedurewas unable to allocate enough memory.

Failures (error%lev el = 2):
error%co de Description
201 User requestedtermination.
This exit occursif you have set finish to .true. in obj _fun or con_fun.

202 No feasible point was found for the linear constraints and bounds, which means
that either no feasible point exists for the given value of
control%lin _feas _tol (default value = SQRT(EPSILON(1.0vp)) ; see the type
de nition for nag.con.nlin _Isq _cntrl _wp), or no feasible point could be found in
the number of iterations speci ed by control%minor _iter lim (default value =
max(50,3(n + n_ + ny))).

You should ched that there are no constraint redundancies. If the data for the
constraints are accurate only to an absolute precision ¥ you should ensure that
the value of control%lin _feas _tol is greater than % For example, if all the
elemens of A, are of order unity and are accurate only to three decimal places,
then control%lin _feas _tol should be at least 10' 3.

203 No feasiblepoint could be found for the nonlinear constraints. The problem may have
no feasiblesolution. This meansthat there has beena sequenceof QP subproblems
for which no feasible point could be found (indicated by | at the end of ead line of
intermediate printout produced by the major iterations; seeSection 7.1).

This behaviour will occur if there is no feasible point for the nonlinear constraints.

(Howevwer, there is no generaltest that can determine whether a feasiblepoint exists
for a set of nonlinear constraints.) If the infeasible subproblemsoccur from the very

“rst major iteration, it is highly likely that no feasible point exists. If infeasibilities

occur when earlier subproblems have been feasible, small constraint inconsistencies
may be presen. You should ched the validity of constraints with negative values of

nlin _state (seeSection 3.2). If you are corvinced that a feasible point does exist,

this procedureshould be restarted at a di®erer starting point.

204 x does not satisfy the “rst-order Kuhn{T ucker conditions (see Section 1 of the
Mathematical Background section of this module documert), and no improved point
for the merit function (seeSection7.1) could be found during the "nal lineseard.

This sometimesoccurs becausean overly stringent accuracy has beenrequested,i.e.,
the value of control%optim _tol istoo small (default value= (EPSILON(1.Qwp))%72;
seethe typede nition of nag_con_nlin _sq _cntrl _wp). In this caseyou should apply
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205

the following tests to determine whether or not the "nal solution is acceptable (see
Gill et al. [10], for a discussionof the attainable accuracy):

(a) the nal value of Norm Gz (seeSection 7.1) is signi cantly lessthan that at the
starting point;

(b) during the "nal major iterations, the valuesof Step and Mnr (see Section 7.1)
are both one;

(c) the last few valuesof both Norm Gzand Violtn (seeSection 7.1) becomesmall
at a fast linear rate; and

(d) Cond Hz (seeSection7.1) is small.

If all these conditions hold, x is almost certainly a local minimum of (1).

If many iterations have occurred in which essetially no progresshas beenmade and
this procedure has failed completely to move from the initial point, then procedures
obj _fun and/or con_fun may be incorrect. You should refer to the description of
error%code = 205 and ched the Jacobiansusing control%cheap _test = .false.
(default value = .true. ; seethe type de nition for nag.con.nlin _Isq _cntrl _wp).
Unfortunately, there may be small errors in the objective and constraint Jacobians
that cannot be detected by the veri cation. Finite di®erenceapproximations to rst
derivativescan be catastrophically a®ectedeven by small inaccuracies. An indication
of this situation is a dramatic alteration in the iterates if the nite di®erenceinterval
is altered. One might also suspect this type of error if a switch is made to certral
di®erencesven when Norm Gzand Violtn (seeSection 7.1) are large.

Another possibility is that the seard direction has becomeinaccurate becauseof ill
conditioning in the Hessianapproximation or the matrix of constraints in the working
set; either form of ill conditioning tends to be re®ected in large values of Mnr (the
number of iterations required to solve eadr QP subproblem; seeSection 7.1).

If the condition estimate of the projected Hessian (Cond Hz see Section 7.1) is
extremely large, it may be worthwhile rerunning this procedurefrom the nal point
using cold _start = .false. (seeSection3.2). In this situation x_state , lin _state
(if n_ > 0), nlin _state and nlin _lambda (if n, > 0; seeSection 3.2) should be left
unaltered, and R should be resetto the identit y matrix.

If the condition estimate of the matrix of constraints in the working set (Cond T, see
Section 7.1) is extremely large, it may be worthwhile rerunning this procedure with

relaxed valuesof control%lin _feas _tol (default value = SQRT(EPSILON(1.6vp)) )

and/or control%nlin _feas tol (default value = SQRT(EPSILON(1.0vp)) or
(EPSILON(1.Qwp) )°33; seethe type denition for nag.con_nlin _sq _cntrl _wp).

(Constraint dependenciesare often indicated by wide variations in sizein the diagonal
elemers of the matrix T, whosediagonalswill be printed if the printing parameter
control%major _print _level 30 (default value = 10; seeSection7.1).)

B

The user-provided derivatives of the subfunctions and/or constraints appear to be
incorrect.

Large errorswerefound in the derivativesof the subfunctionsand/or constraints. This
exit occursif the veri cation processindicated that at leastone Jacobianelemen had
no correct gures. You should referto the printed output to determine which elemens
are suspectedto bein error.

As a rst step, you should ched that the code for computing the nonlinear functions
and constraints is correct (for example, by computing them at a point where the
correct valuesare known). Howewer, care should be taken that the chosenpoint fully
tests the evaluation of the functions and constraints. It is remarkable how often the
valuesx = 0 or x = 1 are usedto test evaluation procedures,and how often the
special properties of these numbers make the test meaningless.
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Jacobian cheding will be ine®ectie if the subfunctions (see fi(x) in (1)) use
information computed by the constraints, since they are not necessarilycomputed
prior to ead evaluation.

Errors in programming the subfunctions or constraints may be quite subtle in that
the values are "almost' correct. For example, the nonlinear function value may not
be accurate to full precision becauseof the inaccurate calculation of a subsidiary
quantity, or the limited accuracy of data upon which it depends.

Warnings (error%lev el = 1):
error%co de Description

101 The nal iterate x satis es the rst-order Kuhn{T ucker conditions (see Section 1
of the Mathematical Background section of this module documert) to the accuracy
requested, but the sequenceof iterates has not yet corverged. This procedure was
terminated becauseno further improvemert could be madein the merit function (see
Section 7.1).

This exit may occur in sewral circumstances. The most common situation
is that you have asked for a solution with accuracy that is not attainable
with the given precision of the problem (as specied by control%fun _prec
(default value = (EPSILON(1.0wp))%®: see the type denition for
nag-con_nlin _Isq _cntrl _wp)). This condition will alsooccur if, by chance,an iterate
is an “exact' Kuhn{T ucker point, but the changein the variables was signi cant at
the previous iteration. (This situation often happenswhen minimizing very simple
functions, sud as quadratics.)

If conditions (a){(d) described under error%code = 204 are satis ed, x is likely to
be a solution of (1) evenif error%code = 101.

102 The limiting number of iterations was readhed before normal termination occurred.

If the algorithm appears to be making satisfactory progress, then the value of
control%major _iter _lim (default value = max(50,3 £ (n+ n_) + 10 £ n,)); see
the type de nition for nag_con_nlin _Isq _cntrl _wp) may be too small. If so, either
increaseits value and rerun this procedure or, alternatively, rerun this procedure
using cold _start = .false. (seeSection3.2). If the algorithm seemsto be making
little or no progresshowever, then you should ched for incorrect Jacobians or ill

conditioning (as described under error%code = 204).

Note that ill conditioning in the working set is sometimesresolved automatically
by the algorithm, in which case performing additional iterations may be helpful.
However, ill conditioning in the Hessianapproximation tends to persist onceit has
begun,sothat allowing additional iterations without altering R is usually inadvisable.
If the quasi-Newton update of the Hessianapproximation was resetduring the latter
major iterations (i.e., an R occurs at the end of ead line of intermediate printout;
seeSection7.1), it may be worthwhile rerunning this procedureusing cold start =
false. (seeSection3.2).

5 Examples of Usage

A complete example of the use of this procedure appearsin Example 1 of this module documert. This
example could be modi ed to usesome(or all) of the optional argumerts described in Section 3.2.
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6 Further Commen ts

6.1 Accuracy

If error%code = O on exit, then the vector returned in the array x is an estimate of the solution to an
accuracy of approximately control%optim _tol (default value = (EPSILON(1.0wp))%"?; seethe type
de nition for nag.con_nlin _Isq _cntrl _wp).

6.2 Termination Criteria

This procedurereturns with error%code = 0 if the iterates have corvergedto a point x° that satis esthe
“rst-order Kuhn{T ucker conditions (seeSection 1 of the Mathematical Background sectionof this module
documert) to the accuracy requestedby control%optim _tol (default value = (EPSILON(1.Qwp))%72;
seethe type de nition for nag_con_nlin _Isq _cntrl _wp), i.e., the projected gradiert and active constraint
residuals are negligible at x"”.

6.3 Over’ow

If the printed output before the over°ow error contains a warning about serious ill conditioning
in the working set when adding the jth constraint, it may be possible to avoid the ditculty
by increasing the magnitude of control%nlin _feas tol (default value = SQRT(EPSILON(1.0vp))
or (EPSILON(1.Qwp))%33; see the type denition for nag.con.nlin lIsq cntrl _wp) and/or
control%lin _feas _tol (default value = SQRT(EPSILON(1.0vp)) ) and rerunning the program. If the
messageecurs even after this change,the o®endinglinearly dependert constraint (with index j ") must
be removed from the problem.

If over°ow occursin one of the user-suppliedprocedures(e.g., if the subfunctions involve exponertials
or singularities), it may help to specify tighter bounds for some of the variables (i.e., reduce the gap
betweenthe appropriate |; and u;).

7 Description of Prin ted Output

7.1 Major lteration Prin tout

This section describes the intermediate and nal printout produced by the major iterations of this
procedure (see Section 1 of the Mathematical Background section of this module documert). The level
of printed output can be cortrolled via the componerts list and major _print _level of the optional
argumert control . For example, a listing of the parameter settings to be used by this procedure is
output unlesscontrol%list is setto .false. . Note alsothat the intermediate printout and the nal
printout are produced only if control%major _print _level 10 (the default).

When control%major _print _level , 5 and control%lt80 _char = .true. (the default), the following

line of output (< 80 characters) is produced at ewery iteration. In all casesthe valuesof the quartities
printed are thosein e®ecton completion of the given iteration.

B

Maj is the major iteration court.

Mnr is the number of minor iterations required by the feasibility and optimalit y phasesof
the QP subproblem. Generally, Mnrwill be 1 in the later iterations, sincetheoretical
analysis predicts that the correct active set will be identi ed near the solution (see
the Mathematical Background section of this module documert).

Note that Mnr may be greater than control%minor _iter _lim (default value =
max(50,3£ (n + n_ + n,)); seethe type de nition for nag_con_nlin _sq _cntrl _wp)
if someiterations are required for the feasibility phase.

Step is the step taken along the computed seard direction. On reasonablywell-behaved
problems, the unit step will be taken asthe solution is approaced.
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Merit Function

Norm Gz

Violtn

Cond Hz

When control%major _print _level

nag-con_nlin _Isq _sol

is the value of the augmened Lagrangian merit function (see Section 3 of the
Mathematical Background section of this module documert) at the current iterate.
This function will decreaseat ead iteration unlessit was necessaryto increasethe
penalty parametersAs the solution is approaded, Merit Function will corvergeto
the value of the objective function at the solution.

If the QP subproblem does not have a feasible point (signi ed by | at the end of
the current output line), the merit function is a large multiple of the constraint
violations, weighted by the penalty parameters. During a sequenceof major
iterations with infeasible subproblems, the sequenceof Merit Function values
will decreasemonotonically until either a feasible subproblem is obtained or this
procedureterminates with error%code = 203 (no feasible point could be found for
the nonlinear constraints).

If no nonlinear constraints are presen (i.e., ny = 0), this entry contains Objective ,
the value of the objective function F(x). The objective function will decrease
monotonically to its optimal value when there are no nonlinear constraints.

is kZT g k, the Euclidean norm of the projected gradiert (see Section 2 of the
Mathematical Background section of this module documert). Norm Gz will be
approximately zeroin the neighbourhood of a solution.

is the Euclidean norm of the residuals of nonlinear constraints that are violated or
in the predicted active set (not printed if n, = 0). Violtn will be approximately
zeroin the neighbourhood of a solution.

is a lower bound on the condition nhumber of the projected Hessianapproximation
Hz (Hz = Z"THxZ = RJRz; see(10) in Section 1 and (15) in Section 2 of
the Mathematical Background section of this module documert). The larger this
number, the more dixcult the problem.

is printed if the quasi-Newton update has beenmodi ed to ensurethat the Hessian
approximation is positive de nite (see Section 4 of the Mathematical Background
section of this module documert).

is printed if the QP subproblem has no feasible point.

is printed if certral di®erenceshave beenusedto compute the unspeci ed objective
and constraint Jacobians. If the value of Step is zero, the switch to certral di®erences
was made becauseno lower point could be found in the lineseard. (In this case,
the QP subproblemis re-solved with the certral di®erencegradient and Jacobian.)
If the value of Step is non-zero, certral di®erenceswere computed becauseNorm
Gzand Violtn imply that x is closeto a Kuhn{T ucker point (see Section 1 of the
Mathematical Background section of this module documert).

is printed if the lineseardh has produced a relative change in x greater than the
value de ned by control%step _limit (default value = 2.0; seethe type de nition
for nag.con.nlin _Isq _cntrl _wp).

If this output occurs frequertly during later iterations of the run,
control%step _limit should be setto a larger value.

is printed if the approximate Hessianhasbeenrefactorized. If the diagonal condition
estimator of R indicates that the approximate Hessianis badly conditioned, the
approximate Hessianis refactorized using column interchanges. If necessaryR is
modi ed sothat its diagonal condition estimator is bounded.

5and control%It80 _char = .false. , the following line of output

B

(up to 132 characters) is produced at every iteration. In all cases,the values of the quartities printed
are those in e®ecton completion of the given iteration.

Maj
Mnr
Step
Nfun

[NP3506/4]

(as above)

(as above)

(as above)

is the cumulative number of evaluations of the objective function needed for
the lineseard. Evaluations neededfor the estimation of the Jacobians by Tnite
di®erencesare not included. Nfun is printed as a guide to the amourt of work
required for the lineseard.
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Merit  Function
Norm Gz

Violtn

Nz

Bnd

Lin

NIn
Penalty
CondH
Cond Hz
CondT

Conv

aro—<L

Optimization

(as above)

(as above)

(as above)

is the number of columnsof Z (seeSection?2 of the Mathematical Background section
of this module documert). The value of Nz is the number of variables minus the
number of constraints in the predicted active set;i.e., Nz= nj ( Bnd+ Lin + Nin).
is the number of simple bound constraints in the predicted active set.

is the number of generallinear constraints in the predicted active set.

is the number of nonlinear constraints in the predicted active set (not printed if
ny = 0).

is the Euclidean norm of the vector of penalty parametersusedin the augmened
Lagrangian merit function (not printed if n, = 0).

is a lower bound on the condition number of the Hessianapproximation H.

(as above)

is a lower bound on the condition number of the matrix of predicted active
constraints.

is a three-letter indication of the status of the three corvergence tests
dened in the description of control%optim _tol (see the type de nition for
nag_con_nlin _Isq _cntrl _wp). Each letter is T if the test is satised, and F
otherwise. The three tests indicate whether:

(a) the sequenceof iterates has corverged;
(b) the projected gradient (Norm G2 is suzciently small; and

(c) the norm of the residualsof constraints in the predicted active set (Violtn ) is
small enough.

If any of these indicators is F on termination with error%level = 0, you should
ched the solution carefully.

(as above)

(as above)

(as above)

(as above)

(as above)

The "nal printout includes a listing of the status of every variable and constraint.

The following describesthe printout for ead variable. A full stop (.) is printed for any numerical value

that is zero.

Varbl
State

9.4.20

givesthe name (V) and index j, for j = 1;2;:::;n of the variable.

givesthe state of the variable (FRif neither bound is in the working set, EQif a xed
variable, LL if on its lower bound, ULif on its upper bound, TFif temporarily xed
at its current value). If Value lies outside the upper or lower bounds by more
than control%lin _feas _tol (default value = SQRT(EPSILON(1.0vp)) ; seethe
typede nition for nag_.con_nlin _Isq _cntrl _wp), State will be++or -- respectively.
(The latter situation can occur only when there is no feasible point for the bounds
and linear constraints.)

A key is sometimesprinted before State to give additional information about the
state of a variable.

A Alternative optimum possible. The variable is active at one of its bounds, but
its Lagrange multiplier is essetially zero. This meansthat if the variable
were allowed to start moving away from its bound, there would be no change
to the objective function. The valuesof the other free variables might change,
giving a geruine alternativ e solution. Howevwer, if there are any degenerate
variables (labelled D), the actual change might prove to be zero, since one of
them would encounter a bound immediately. In either casethe values of the
Lagrange multipliers might also change.
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D Degeneate. The variable is free, but it is equalto (or very closeto) one of its
bounds.

I Infeasible. The variable is currently violating one of its bounds by more than
control%lin _feas _tol .

Value is the value of the variable at the nal iterate.

Lower Bound is the lower bound speci ed for the variable. Noneindicates that x_lower (j) -
i control%inf _bound (default value = 10%°; see the type de nition for
nag.con_nlin _Isq _cntrl _wp).

Upper Bound is the upper bound speci ed for the variable. Noneindicates that x_upper(j) ,
control%inf _bound

Lagr Mult is the Lagrange multiplier for the assaiated bound. This will be zeroif State is FR
unlessx_lower (j) - i control%inf _boundand x_upper(j) , control%inf _bound,

in which casethe entry will be blank. If x is optimal, the multiplier should be
non-negative if State is LL, and non-positive if State is UL

Slack is the di®erencebetween the variable Value and the nearer of its ("'nite) bounds
x_lower (j) and x_upper(j). A blank entry indicates that the assaiated variable
is not bounded (i.e., x_lower(j) - j control%inf _bound and x_upper(j) ,
control%inf _bound).

The meaning of the printout for linear and nonlinear constraints is the sameas that given above for
variables, with “variable' replacedby “constraint', x_lower and x_upper are replacedby either lin _lower
and lin _upper, or by nlin _lower and nlin _upper, respectively, control%lin _feas _tol is replacedby
control%nlin _feas _tol for the nonlinear constraints and with the following changesin the heading:

L Con givesthe name (L) and index j, forj = 1;2;:::;n_ of the linear constraint.
N Con givesthe name (N and index j, for j = 1;2;:::;n, of the nonlinear constraint.

Note that movemert o® a constraint (as opposedto a variable moving away from its bound) can be
interpreted as allowing the entry in the Slack column to becomepositive.

Numerical values are output with a xed number of digits; they are not guaranteed to be accurate to
this precision.

7.2 Minor lteration Prin tout

This section describes the intermediate and nal printout produced by the minor iterations of this
procedure, which involves solving a QP subproblem of the form
8 9
< p =
minirr)nize g'p+ ip"Hp subjectto t-  Ap. - @ 2)
" AP’

at every major iteration. (For more details seeSection1 of the Mathematical Background section of this
module documert.) The level of printed output canbe cortrolled via the componert minor _print _level
of the optional argumert control . Note that the intermediate printout and the nal printout are
produced only if control%minor _print _level 10 (default value = 0, which producesno output).

B

When control%minor _print _level , 5and control%lt80 _char = .true. , the following line of output

(< 80 characters) is produced at every iteration. In all cases,the values of the quartities printed are
those in e®ecton completion of the given iteration of the QP subproblem.

Itn is the iteration court.

Step is the step taken alongthe computed seard direction. If a constraint is addedduring
the current iteration, Step will be the step to the nearest constraint. During the
optimality phase,the step can be greater than one only if the factor Rz is singular
(seeSection 2 of the Mathematical Background section of this module documert).

Ninf is the number of violated constraints (infeasibilities). This will be zero during the
optimality phase.

[NP3506/4] Module 9.4: nag_con_nlin _sq 9.4.21



nag-con_nlin _Isq _sol Optimization

Sinf/Objective is the value of the current objective function. If x is not feasible, Sinf gives

a weighted sum of the magnitudes of the constraint violations. If x is feasible,
Objective is the value of the QP objective function in (2). The output line for the
“nal iteration of the feasibility phase(i.e., the rst iteration for which Ninf is zero)
will give the value of the true objective at the rst feasiblepoint.
During the optimality phase, the value of the objective function will be non-
increasing. During the feasibility phase,the number of constraint infeasibilities will
not increaseuntil either a feasiblepoint is found, or the optimalit y of the multipliers
implies that no feasible point exists. Once optimal multipliers are obtained, the
number of infeasibilities canincrease,but the sum of infeasibilities will either remain
constart or be reduceduntil the minimum sum of infeasibilities is found.

Norm Gz isjjZT g« jj, the Euclidean norm of the reducedgradient of the QP objective function
in (2) with respectto Z (seeSection2 of the Mathematical Background sectionof this
module documert). During the optimality phase,this norm will be approximately
zero after a unit step.

When control%minor _print _level , 5andcontrol%lt80 _char = .false. , the following line of output
(up to 120 characters) is produced at every iteration. In all cases,the values of the quartities printed
are thosein e®ecton completion of the given iteration of the QP subproblem. The following convertion
is used for numbering the constraints: indices 1 through n refer to the bounds on the variables, and
indicesn + 1 through n+ n_ or n+ n_ + n, refer to the generalconstraints (if any). When the status of
a constraint changes,the index of the constraint is printed, along with the designationL (lower bound),

U (upper bound), E (equality), F (temporarily "xed variable) or A (arti cial constraint).

Itn (as above)

Jdel is the index of the constraint deleted from the QP working set. If Jdel is zero, no
constraint was deleted.

Jadd is the index of the constraint added to the QP working set. If Jadd is zero, no
constraint was added.

Step (as above)

Ninf (as above)

Sinf/Objective (as above)

Bnd is the number of simple bound constraints in the current QP working set.

Lin is the number of generallinear constraints in the current QP working set.

Art is the number of arti cial constraints in the QP working set.

Zr is the dimension of the sub-spacein which the QP objective function in (2) (Section

7.2) is currently being minimized. The value of Zr is the number of variables minus
the number of constraints in the working set; i.e., Zr = n j (Bnd+Lin+Art).

The value of nz, the number of columns of Z (see Section 1 of the Mathematical
Background section of this module documert) can be calculated asnz; = n j
(Bnd+Lin). A zerovalue of nz implies that x lies at a vertex of the feasibleregion.

Norm Gz (as above)

Norm Gf iS jjGkr Jj, the Euclidean norm of the gradient of the QP objective function in (2)
with respect to the free variables, i.e., variables not currently held at a bound (see
Section 2 of the Mathematical Background section of this module documert).

CondT is a lower bound on the condition humber of the QP working set.

Cond Rz is a lower bound on the condition number of the triangular factor Ry (the “rst Zr
rows and columns of the factor Rz ; seeSection 2 of the Mathematical Background
section of this module documert). If the estimated rank of the matrix H in (2) is
zero, Cond Rzis not printed.

The "nal printout includes a listing of the status of every variable and constraint.

The following describesthe printout for ead variable. A full stop (.) is printed for any numerical value
that is zero.
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Varbl givesthe name (V) and index j, for j = 1;2;:::;n of the variable.

State givesthe state of the variable (FRif neither bound is in the working set, EQif a xed
variable, LL if on its lower bound, ULif on its upper bound, TFif temporarily "xed
at its current value). If Value lies outside the upper or lower bounds by more than
control%lin _feas _tol , State will be ++or -- respectively.

A key is sometimesprinted before State to give additional information about the
state of a variable.

A Alternative optimum possible. The variable is active at one of its bounds, but
its Lagrange multiplier is essetially zero. This meansthat if the variable
were allowed to start moving away from its bound, there would be no change
to the objective function. The valuesof the other free variables might change,
giving a geruine alternativ e solution. Howewer, if there are any degenerate
variables (labelled D), the actual change might prove to be zero, since one of
them would encounter a bound immediately. In either casethe values of the
Lagrange multipliers might also change.

D Degenernte. The variable is free, but it is equalto (or very closeto) oneof its
bounds.

I Infeasible. The variable is currently violating one of its bounds by more than
control%lin _feas _tol .

Value is the value of the variable at the "nal iterate.

Lower Bound is the lower bound specied for the variable. None indicates that
fj . i control%inf _bound (default value = 10%°; see the type de nition for
nag.con_nlin _Isq _cntrl _wp).

Upper Bound is the upper bound specied for the variable. None indicates that ;
control%inf _bound

Lagr Mult is the Lagrange multiplier for the assaiated bound. This will be zeroif State is FR
unlessf; - i control%inf _boundand &; , control%inf _bound in which casethe

ertry will be blank. If x is optimal, the multiplier should be non-negatiwve if State
is LL, and non-positive if State is UL

Slack is the di®erencebetweenthe variable Value and the nearer of its ("nite) bounds h
and &;. A blank entry indicates that the assaiated variable is not bounded (i.e.,
f, - i control%inf _boundand &; , control%inf _bound).

The meaning of the printout for general constraints is the same as that given above for variables,
with ‘“variable' replaced by ‘constrairt, ; and & are replaced by 1., and & ., respectively,
control%lin _feas _tol is replaced by control%nlin _feas _tol for the nonlinear constraints and with
the following changesin the heading:

L Con givesthe name (L) and index j, for j = 1;2;:::;n_+ n, of the constraint unless
an initial feasiblepoint (for the linear constraints and bounds) is being sougft, in
which casej = 1;2;:::;n,.

Note that movemert o® a constraint (as opposedto a variable moving away from its bound) can be
interpreted as allowing the entry in the Slack column to becomepositive.

Numerical values are output with a "xed number of digits; they are not guaranteed to be accurate to
this precision.
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Pro cedure: nag_con_nlin _Isgq_sol_1

1 Description

nag.con_nlin _Isq _sol _1 is designedto solve a nonlinear least-squaresproblem | minimizing a smooth
(nonlinear) sum of squaresfunction subject to constraints on the variables.

The problem is assumedto be stated in the following form:

8 9
Xn < X =

minimnize F(x):% (fi(x)i vi)? subjectto |- A x - u; 3
x2R i=1 " e(x)’

where F(x) is a nonlinear objective function, the f;(x) are subfunctions, the y; are constart and the
constraints are grouped as follows:

n simple bounds on the variables x;
n. linear constraints, de ned by the n_ by n constart matrix A, ;
n, nonlinear constraints, de ned by the vector ¢(x) of constraint functions.

(The functions fi(x) i y; are often referred to as ‘residuals'.) The subfunctions and the constraint
functions are assumedto be smooth, i.e., at least twice-cortinuously di®ereriable. (The method used
by this procedurewill usually solve (3) if there are only isolated discortin uities away from the solution.)

The simple boundson the variables, the linear constraints and the nonlinear constraints are distinguished
from one another for reasonsof computational exciency (although the simple bounds could have been
included in the de nition of the linear constraints, and the linear constraints in the de nition of the
nonlinear constraints). There may be no linear constraints, in which casethe matrix A_ is empty
(n. = 0), or no nonlinear constraints, in which casethe vector c(x) is empty (n, = 0).

Upper bounds and/or lower bounds can be speci ed separately for the variables and constraints. An
eguality constraint can be speci ed by setting I; = u;. If certain bounds are not presen, the assaiated
elemens of | and u can be setto special valuesthat will be treated asijl or +1 .

You must supply an initial estimate of the solution to (3), together with a procedureobj _fun that de nes
the subfunctionsf (x) (seeSection3.1), and (if n, > 0) a procedurecon_fun which de nesthe nonlinear
constraint functions c(x) (seeSection 3.2). On ewery call, these proceduresmust return values of f (x)
and c(x), and as many partial derivativesas possible. For maximum reliabilit y, you should provide all
partial derivatives(seeChapter 8 of Gill et al. [10] for a detailed discussion). Any derivativeswhich are
not provided are approximated by nite di®erences.

Seweral options are available for controlling the operation of this procedure, covering facilities sud
as:

printed output, at the end of ead iteration and at the nal solution;

verifying or estimating partial derivatives;

algorithmic parameters, suc astolerancesand iteration limits.
Theseoptions are grouped together in the optional argumert control , which is a structure of the derived
type nag_con_nlin _sq _cntrl _wp.

The method used by this procedureis described in detail in the Mathematical Background section of
this module documert.
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2 Usage

USEnag.con.nlin _Isq

CALLnag con.nlin _Isq _sol _1(obj _fun, x, obj_f, f [, optional argumerts])

3 Argumen ts

Note. All array arguments are assumed-shape arrays. The extent in eadh dimension must be exactly that required by
the problem. Notation such as x(n)' is used in the argument descriptions to specify that the array x must have exactly n
elemernts.

This procedure derives the values of the following problem parameters from the shape of the supplied
arrays.

m, 1| the number of subfunctions or “residuals'
n, 1 | the number of variables
0| the number of linear constraints

0| the number of nonlinear constraints

n.
Ny

5

5

3.1 Mandatory Argumen ts

obj_fun | subroutine

The procedure obj _fun, supplied by the user, must calculate the vector f (x) of subfunctions and
(optionally) its Jacobian (= @ =@) at a speci ed point x.

Its speci cation is:

subroutine obj fun(first _call, x, finish, f, f _jac, needf)

logical, intent(in) o first  _call
Input; first _call will be .true. when this procedure calls obj -fun for the “rst time,

and .false. for all subsequen calls. It allows you to save computation time if certain
data must be read or calculated only once. Seealso the description of f _jac .

real(kind= wp), intent(in) = x(:)
Shape: x hasshape (n).

Input: the point x at which the subfunctions and (optionally) elemers of the objective
Jacobian are to be evaluated.

logical, intent(inout) . finish
Input: finish  will always be .false. on ertry.

Output: if you wish to terminate the call to this procedure, you should set finish to
true. , and then this procedurewill terminate with error%code = 201.

real(kind= wp), intent(out) 1 f(:)
Shape: f hasshape (m).

Output: if needf is not presern, f( i) must contain the value of the ith subfunction f; at
the point x, for i = 1;2;:::;m. Otherwise, the only elemen of f that needsto be setis
the one for which the corresponding elemen of needf is > 0.
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real(kind= wp), intent(inout), optional : f _jac( :;:)
Shape: f _jac hasshape (m;n).
Input; if f_jac is presen, its elemeris must remain unchanged except as speci ed below.
Output: if f _jac is presen, then:
if f _deriv = .true. (the default; seeSection3.2), the ith row of f jac must contain
all the elemers of the vector r f; given by
_ H @i i @i

fi — = ;
' @ @ @,

where @;=@; is the partial derivative of the ith subfunction with respectto the jth

variable evaluated at the point x, fori = 1;2;:::;mandj = 1;2;:::;n. Constart
elemeris need be loaded into f jac only during the “rst call to obj fun (when
first _call = .true. ). This facility is useful when many Jacobian elemeris are
identically zero, in which casef jac may be initialized to zero during the rst call
to obj _fun. Note that although a constart non-zeroelemern f jac( i;j) only needs
to be set on the rst call to obj _fun, the corresponding i in the de nition of f( i)

must be re-ewvaluated ead time that obj _fun is called.

If f_deriv = .false. , any available partial derivatives of f;(x) must be assigned
to the corresponding elemerts in the ith row of f jac ; the remaining elemers must
remain unchangel. Just before obj _fun is called, each elemen of f jac is setto a
special value. On return from this procedure,any elemern that retains the value is
estimated by "nite di®erencesat non-trivial expense.If you do not supply a value
for control%diff _int (seethe type de nition for nag.con.nlin _Isq _cntrl _wp),

an interval for ead elemen of x is computed automatically at the start of the

optimization. The automatic procedure can usually identify constart elemers of
f _jac , which are then computed onceonly by Tnite di®erences.

integer, intent(in), optional 1 needf(:)
Shape: needf has shape (m).

Input: if needf is presen, it speci es which elemen of f should be ewvaluated at x, i.e.,
f( i) if needf(i) > 0. The remaining elemeris neednot be set.

Note: obj _fun should be thoroughly tested before being supplied to this procedure. The
componerts cheap_test , obj _verify and major_iter _lim of the optional argumert control can
be usedto assistthis process(seethe type de nition of nag_.con_nlin _Isq _cntrl _wp).

x(n) | real(kind= wp), intent(inout)
Input: an initial estimate of the solution.
Output: the nal estimate of the solution.

obj_f | real(kind= wp), intent(out)
Output: the value of the objective function at the "nal iterate.

f(m) | real(kind=wp), intent(out)
Output: f (i) contains the value of the ith subfunction f; at the nal iterate, fori = 1;2;:::;m.

3.2 Optional Argumen ts

Note. Optional arguments must be supplied by keyword, not by position. The order in which they are described below
may di®er from the order in which they occur in the argument list.
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f_deriv | logical, intent(in), optional
Input: speci es whether or not all elemens of the objective Jacobian are provided by the user-
supplied procedureobj _fun.

If f deriv = .true. (the default), then all elemeris of the objective Jacobianmust be provided
by obj _fun via its argumert f jac .

If f_deriv = .false. , then it is assumedthat someelemens of the objective Jacobian are
not provided; this procedurewill estimate them using nite di®erences.The computation of
“nite di®erenceapproximations usually increasesthe total run-time, since a call to obj _fun
is neededfor ead variable for which partial derivatives are estimated. For example, if the
Jacobian has the form

0 1

o] o]
o]

%&;
o}

where @' indicates an elemen provided by the user and "?' indicates an elemen to be
estimated, this procedure will call obj _fun twice: onceto estimate the missing elemen in
column 2, and again to estimate the two missing elemers in column 3. (Since columns1, 4
and 5 are known, they require no callsto obj _fun.) Furthermore, lessaccuracycan be attained
in the solution (seeChapter 8 of Gill et al. [10] for a discussionof limiting accuracy). At times,
certral di®erencesare usedrather than forward di®erencesjn which casetwice as many calls
to obj _fun are needed. (The switch to certral di®erenceds determined by considerationsof
accuracy and is not under user cortrol.)

f deriv = .true. should be usedwheneer possible,sincethis procedureis more reliable (and will
usually be more excient) when all derivativesare exact.

Default: f _deriv = .true.

g o - o
g -y o
g o o o

fjac(m;n) | real(kind= wp), intent(out), optional
Output: the Jacobian matrix of the subfunctions at the nal iterate (or its Tnite di®erence
approximation), i.e., f jac( i;j) contains the value of the partial derivative @;=@; at the nal
point givenin x, fori = 1;2;:::;mandj = 1;2;:::;n.

y(m) | real(kind= wp), intent(in), optional
Input: the coezxcients of the constart vectory.
Default: y = 0.0.

x_lower(n) | real(kind= wp), intent(in), optional
x_upper(n) | real(kind=wp), intent(in), optional

Input: the lower and upper bounds on all the variables. To specify a non-existert lower bound
(e, lj = j1 ), set xlower(j) - i control%inf _bound to specify a non-existert upper
bound (i.e., u; = +1), set x_upper(j) , +control%inf _bound (see the type de nition for
nag-con_nlin _Isq _cntrl _wp).

Constraints:
x_lower (j) - x.upper(j) forj = 1;2;:::;n;
i j < control%inf _boundwhen x_lower (j) = x_upper(j) = .

Default: x_lower = j control%inf _bound x_upper = + control%inf _bound
a(n_;n) | real(kind= wp), intent(in), optional

Input: the ith row of a must corntain the coezcients of the ith linear constraint, fori = 1;2;:::;n_.
Default: the problem contains no linear constraints (i.e., n, = 0).
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lin _lower(

n.) | real(kind=wp), intent(in), optional

lin _upp er(n.) | real(kind=wp), intent(in), optional
Input: the lower and upper bounds on all the linear constraints. To specify a non-existert lower
bound (i.e., I; = i1 ), setlin _lower( j) - i control%inf _bound to specify a non-existert upper
bound (i.e., u; = +1), setlin _upper(j) , +control%inf _bound (seethe type de nition for
nag-con_nlin _Isq _cntrl _wp).

Cons

traints:
lin _lower and lin _upper must not be presen unlessa is presen;
lin _lower (j) - lin _upper(j) forj = 1;2;:::;n.;

i J < control%inf _boundwhenlin _lower (j) = lin _upper(j) = .

Default: lin _lower = j control%inf _bound lin _upper = + control%inf _bound

num _nlin
Input
Cons

_con | integer, intent(in), optional
. the number of nonlinear constraints, n,.
traints: numnlin _con must be presert if con_fun is preseri; numnlin _con , O.

Default: numnlin _con = 0.

con _deriv
Input

| logical, intent(in), optional
. speci es whether or not all elemeris of the constraint Jacobian are provided by the user-

supplied procedurecon_fun.

If con_deriv = .true. (the default), then all elemens of the constraint Jacobian must be
provided by con_fun via its argumert con_jac .

If con_deriv = .false. , then it is assumedthat someelemerns of the constraint Jacobian
are not provided; this procedurewill estimate them using nite di®erences.The computation
of nite di®erenceapproximations usually increaseshe total run-time, sincea call to con_fun
is neededfor ead variable for which partial derivatives are estimated. For example, if the
Jacobian has the form

1

0

o} o]
bioos

o o]
where o' indicates an elemen provided by the user and *?' indicates an elemen to be
estimated, this procedure will call con_fun twice: onceto estimate the missing elemen in
column 2, and again to estimate the two missing elemers in column 3. (Since columns 1, 4
and 5 are known, they require no callsto con_fun.) Furthermore, lessaccuracycanbe attained
in the solution (seeChapter 8 of Gill et al. [10] for a discussionof limiting accuracy). At times,
certral di®erencesare usedrather than forward di®erencesjn which casetwice as many calls

to con_fun are needed. (The switch to certral di®erenceds determined by considerations of
accuracyand is not under user cortrol.)

g oo
[o RO RN i o}
g o oo

con_deriv = .true. should be usedwhene\er possible,sincethis procedureis more reliable (and
will usually be more e+cient) when all derivativesare exact.

Constraints: con_deriv must not be presert unlesscon_fun and numnlin _con are preser.
Default: con_deriv = .true.

con_f(ny)
Outp

| real(kind= wp), intent(out), optional
ut: con_f (i) contains the value of the ith nonlinear constraint function c; at the nal iterate,

Constraints: con_f must not be presert unlesscon_fun and numnlin _con are presen.
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con _jac(ny;n) | real(kind=wp), intent(out), optional
Output: the Jacobian matrix of the nonlinear constraint functions at the nal iterate (or its nite
di®erenceapproximation), i.e., conjac( i;j) cortains the value of the partial derivative @;=@; at
the "nal point givenin x, fori = 1;2;:::;ny, andj = 1;2;:::;n.
Constraints: con_jac must not be presert unlesscon_fun and numnlin _con are presen.

nlin _lower(ny) | real(kind= wp), intent(in), optional

nlin _upp er(ny) | real(kind= wp), intent(in), optional
Input: the lower and upper bounds on all the nonlinear constraints. To specify a non-existert
lower bound (i.e., I; = i1 ), setnlin _lower( j) - i control%inf _bound to specify a non-existert
upper bound (i.e., u; = +1 ), setnlin _upper(j) , +control%inf _bound (seethe type de nition
for nag_con.nlin _Isq _cntrl _wp).

Constraints:

nlin _lower and nlin _upper must not be present unless con_fun and numnlin _con are
preser;

nlin _lower (j) - nlin _upper(j) forj = 1;2;:::;ny;
j ] < control%inf _boundwhen nlin _lower (j) = nlin _upper(j) = .

Default: nlin _lower = j control%inf _bound nlin _upper = + control%inf _bound

con _fun | subroutine, optional

The procedurecon_fun, supplied by the user, must calculate the vector c(x) of nonlinear constraint
functions and (optionally) its Jacobian (= @=@) at a speci ed point X.

Its speci cation is:

subroutine con_fun(first _call, x, finish, needc, conf, conjac)

logical, intent(in) o first  _call
Input: first _call will be .true. when this procedure calls con_fun for the rst time,

and .false. for all subsequen calls. It allows you to save computation time if certain
data must be read or calculated only once. Seealso the description of con_jac .

real(kind= wp), intent(in) Doox(9)
Shape: x has shape (n).

Input: the point x at which the constraint functions and (optionally) elemers of the
constraint Jacobian are to be evaluated.

logical, intent(inout) o finish
Input: finish  will always be .false. on entry.

Output: if you wish to terminate the call to this procedure, you should set finish to
.true. , and then this procedurewill terminate with error%code = 201.

integer, intent(in) © needc(:)
Shape: needc has shape (ny).

Input; speci es the indices of the elemeris of con_f and (optionally) con_jac that must
be evaluated. If needc(i) > 0, then the ith elemen of con_f, and (optionally) elemerts of
the ith row of con_jac , must be evaluated at x, fori = 1;2;:::;n,.

real(kind= wp), intent(inout) o conf( 3)
Shape: con_f hasshape (n,).
Input: the zero vector.

Output: if needc(i) > 0, con_f( i) must contain the value of the ith nonlinear constraint
at the point x, for i = 1;2;:::;n,: Otherwise, con_f( i) neednot be set.
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real(kind= wp), intent(inout), optional :  conjac( :;:)
Shape: con_jac hasshape (ny;n).
Input: if con_jac is presen, its elemeris must remain unchangedexceptasspeci ed below.
Output: if con_jac is presen, then for eat i suc that needc(i) > O:

if con_deriv = .true. (the default), the ith row of con_jac must cortain all the
elemers of the vector r ¢ given by
1
- @.@. . .@ "
@ @@

where @;=@; is the partial derivative of the ith constraint with respect to the jth
variable evaluated at the point x, fori = 1;2;:::;n, andj = 1;2;:::;n. Constant
elemeris need be loaded into con_jac only during the “rst call to con_fun (when
first _call = .true. ). This facility is useful when many Jacobian elemeris are
identically zero, in which casecon_jac may be initialized to zero during the rst
call to con_fun. Note that although a constart non-zeroelemen con_ac( i;j) only
needsto be seton the rst call to con_fun, the corresponding i in the de nition of
con_f( i) must be re-evaluated ead time that con_fun is called.

If con_deriv = .false. , any available partial derivativesof ¢;(x) must be assigned
to the corresponding elemers in the ith row of con_jac ; the remaining elemerts must
remain unchangel. Just before con_fun is called, eat elemen of con_jac is setto

a special value. On return from this procedure,any elemen that retains the value is
estimated by "nite di®erencesat non-trivial expense.If you do not supply a value
for control%diff _int (seethe type de nition for nag.con.nlin _Isq _cntrl _wp),

an interval for ead elemen of x is computed automatically at the start of the

optimization. The automatic procedure can usually identify constart elemers of
con_jac , which are then computed onceonly by nite di®erences.

If needc(i)- O, the ith row of con_jac neednot be set.

Note: if there are any nonlinear constraints, then the rst call to con_fun will precedethe rst call
to obj _fun (see Section 3.1). con_fun should be thoroughly tested before being supplied to this
procedure. The componerts cheap_test , con_verify and major _iter _lim of the optional argumert
control canbeusedto assistthis process(seethe type de nition for nag_con_nlin _Isq _cntrl _wp).

Constraints: con_fun must be preser if numnlin _con is presernt and greater than zero.

cold _start | logical, intent(in), optional

Input: cortrols the speci cation of the initial working setin both the procedurefor nding a feasible

point for the linear constraints and bounds, and in the "rst QP subproblem thereafter.
With a cold start (i.e., cold _start = .true. ), this procedure choosesthe rst working set
basedon the valuesof the variablesand constraints at the initial point. Broadly speaking, the
initial working set will include equality constraints and bounds or inequality constraints that
violate or “nearly' satisfy their bounds (to within the crashtolerance control%crash _tol ; see
the type de nition for nag_con_nlin _sq _cntrl _wp).

With awarm start (i.e., cold _start = .false. ), the arrays x_state , lin _state (if n_ > 0),
nlin _state and nlin _lambda (if n, > 0) together with the array r, must be supplied and
initialized. The arrays x_state and lin _state determine the initial working set of the
procedureto nd a feasiblepoint with respect to the bounds and linear constraints, whereas
the array nlin _state determinesthe initial working set of the rst QP subproblem after such
a feasible point has beenfound. This procedurewill override the contents of these arrays if
necessarysothat a poor choice of the working set will not causea fatal error. A warm start
will be advantageousif a good estimate of the initial working set is available, for example
when this procedureis called repeatedly to solve related problems.

Default: cold _start = .true.
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x _state( n) | integer, intent(inout), optional
Input: if cold _start = .true. (the default), x_state neednot be initialized.
If cold start = .false. , x_state speci es the status of the upper and lower bounds on
the variables which together with the array lin _state de ne the initial working set for the
procedurethat "nds a feasiblepoint for the linear constraints and bounds. Possiblevaluesfor
x_state (j) are asfollows:

x_state (j) Meaning

0

1
2
3

The corresponding constraint should not be in the initial QP working set.
This constraint should be in the working set at its lower bound.

This constraint should be in the working set at its upper bound.

This constraint should be in the initial working set. This value must not be
speci ed unlessthe corresponding lower and upper bounds are equal.

Any other values will be modi ed by this procedure. Note that x_state already contains valid
valuesif it was presernt in a previous call with the samevalue of n. (Seealso the description of
cold _start .) This procedure also adjusts (if necessary)the values supplied in x to be consistert

with x_state .

Output: the status of the constraints in the QP working set at the point returned in x. The
signi cance of eact possiblevalue of x_state (j) is as follows:

x_state (j) Meaning
i 2 This constraint violates its lower bound by
more than the linear feasibility tolerance control%lin _feas _tol (seethe type
de nition for nag_con_nlin _Isq _cntrl _wp). This value can only occur when no
feasiblepoint can be found for a QP subproblem.
il This constraint violates its upper bound by more than the linear feasibility
tolerance. This value can only occur when no feasible point can be found for
a QP subproblem.
0 This constraint is satis ed to within the linear feasibility tolerance, but is not in
the QP working set.
1 This constraint is included in the QP working set at its lower bound.
2 This constraint is included in the QP working set at its upper bound.
3 This constraint is included in the QP working set as an equality. This can only
occur when the corresponding upper and lower bounds are equal.
Constraints: if cold _start = .false. , x_state must be presen.

lin _state( n_) | integer, intent(inout), optional
Input: if cold _start = .true. (the default), lin _state neednot be initialized.
If cold start = .false. , lin _state speci es the status of the upper and lower bounds on
the linear constraints which together with the array x_state de ne the initial working set for
the procedurethat nds a feasiblepoint for the linear constraints and bounds. Possiblevalues
for lin _state (j) are asfollows:

lin _state (j) Meaning

0

1
2
3

The corresponding constraint should not be in the initial QP working set.
This constraint should be in the working set at its lower bound.

This constraint should be in the working set at its upper bound.

This constraint should be in the initial working set. This value must not be
speci ed unlessthe corresponding lower and upper bounds are equal.

Any other valueswill be modi ed by this procedure. Note that lin _state already contains valid
valuesif it was presert in a previous call with the samevalue of n,_. (Seealso the description of

cold _start .)

Output: the status of the constraints in the QP working set at the point returned in x. The
signi cance of ead possiblevalue of lin _state (j) is as follows:
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lin _state (j) Meaning
i 2 This constraint violates its lower bound by morethan the linear feasibility tolerance
control%lin  _feas tol (seethe type de nition for nag.con_nlin _Isq _cntrl _wp).
This value can only occur when no feasiblepoint canbe found for a QP subproblem.
il This constraint violates its upper bound by more than the linear feasibility
tolerance. This value can only occur when no feasible point can be found for a
QP subproblem.
0 This constraint is satis ed to within the linear feasibility tolerance, but is not in
the QP working set.
This constraint is included in the QP working set at its lower bound.
This constraint is included in the QP working set at its upper bound.
3 This constraint is included in the QP working set as an equality. This can only
occur when the corresponding upper and lower bounds are equal.

N -

Constraints: lin _state must not be presert unless a is presern. If cold start = .false. |,
lin _state must be presernt if n, > 0.

nlin _state( ny) | integer, intent(inout), optional
Input: if cold _start = .true. (the default), nlin _state neednot be initialized.
If cold _start = .false. , nlin _state speci es the status of the upper and lower bounds on
the nonlinear constraints, which together with the active setat the conclusionof the procedure
to 'nd afeasiblepoint for the linear constraints and bounds, de ne the initial working set for
the “rst QP subproblem. Possiblevaluesfor nlin _state (j) are as follows:

nlin _state (j) Meaning
0 The corresponding constraint should not be in the initial QP working set.
1 This constraint should be in the working set at its lower bound.
2 This constraint should be in the working set at its upper bound.
3 This constraint should be in the initial working set. This value must not be

speci ed unlessthe corresponding lower and upper bounds are equal.

Any other valueswill be modi"ed by this procedure. Note that nlin _state already corntains valid
valuesif it was presernt in a previous call with the samevalue of n,. (Seealso the description of
cold _start .)

Output: the status of the constraints in the QP working set at the point returned in x. The
signi cance of eac possiblevalue of nlin _state (j) is as follows:

nlin _state (j) Meaning
i 2 This constraint violates its lower bound by more than the nonlinear
feasibility tolerance control%nlin _feas tol (see the type denition for
nag-con_nlin _Isq _cntrl _wp). This value can only occur when no feasible point
can be found for a QP subproblem.
il This constraint violates its upper bound by more than the nonlinear feasibility
tolerance. This value can only occur when no feasible point can be found for a
QP subproblem.
0 This constraint is satis ed to within the nonlinear feasibility tolerance, but is not
in the QP working set.
This constraint is included in the QP working set at its lower bound.
This constraint is included in the QP working set at its upper bound.
3 This constraint is included in the QP working set as an equality. This can only
occur when the corresponding upper and lower bounds are equal.

N -

Constraints: nlin _state must not be present unlesscon_fun and numnlin _con are presen. |If
cold start = .false. , nlin _state must be presert if n, > 0.

x_lambda(n) | real(kind= wp), intent(out), optional

Output: the values of the QP multipliers for the bound constraints from the last QP
subproblem. x_lambda(j) should be non-negative if x_state (j) = 1 and non-positive if
X_state (j) = 2.
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lin lambda(n_ ) | real(kind=wp), intent(out), optional

Output: the valuesof the QP multipliers for the linear constraints from the last QP subproblem.
lin _lambda(j) should be non-negative if lin _state (j) = 1 and non-positive if lin _state (j) = 2.

Constraints: lin _lambda must not be presen unlessa is presen.

nlin _lambda(ny) | real(kind=wp), intent(inout), optional

Input: if cold _start = .true. (the default), nlin _lambda neednot be initialized. If cold _start
= .false. , nlin _lambda must contain a multiplier estimate for ead nonlinear constraint with a
sign that matchesthe status of the constraint speci ed by the array nlin _state .

Note that:
if the jth constraint is de ned as ‘inactive' (nlin _state( j) = 0), nlin _ambda(j) should be
Zero;
if the jth constraint is an inequality active at its lower bound (nlin _state( j) = 1),
nlin _lambda(j) should be non-negative;
if the jth constraint is an inequality active at its upper bound (nlin _state( j) = 2),

nlin _lambda(j) should be non-positive.
If necessarythis procedurewill modify nlin _lambdato match theserules.

Output: the valuesof the QP multipliers for the nonlinear constraints from the last QP subproblem.
nlin _lambda(j) should be non-negatiwe if nlin _state( j) = 1 and non-positive if nlin _state( j)

= 2.
Constraints: nlin _lambda must not be presert unlesscon_fun and numnlin _con are presen. If
cold _start = .false. , nlin _lambda must be presen if n, > 0.

r(n;n) | real(kind= wp), intent(inout), optional
Input: if cold _start = .true. (the default), r neednot be initialized.

If cold start = .false. , r must contain the upper triangular Cholesky factor R of the initial
approximation of the Hessianof the Lagrangian function, with the variablesin the natural order.
Elemerts in the strictly lower triangular part of r are assumedto be zeroand neednot be assigned.

Note that r already cortains satisfactory information if it was present in a previous call

to this procedure with control%hessian = .true. (the default; seethe type de nition for
nag.con_nlin _Isq _cntrl _wp).
Output: if control%hessian = .true. , r cortains the upper triangular Cholesky factor R of H,

the approximate (untransformed) Hessianof the Lagrangian, with the variablesin the natural order.

If control%hessian = .false. ,r cortains the upper triangular Cholesky factor R of Q" HQ, an
estimate of the transformed and re-ordered Hessianof the Lagrangian at x (see(10) in Section 1
of the Mathematical Background section of this module documert).

Constraints: if cold _start = .false. , r must be presert.

major _iter | integer, intent(out), optional
Output: the number of major iterations performed.

minor _iter | integer, intent(out), optional
Output: the number of minor iterations performed.

control | type(nag.con.nlin_lsg_cntrl _wp), intent(in), optional

Input: a structure containing scalar componerts; these are used to alter the default values of
those parameters which corntrol the behaviour of the algorithm and level of printed output.
The initialization of this structure and its use is described in the procedure documert for
nag.con_nlin _Isq _cntrl _init
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error | type(nagerror), intent(inout), optional

The NAG fl90 error-handling argumert. Seethe Essertial Introduction, or the module documert
nag-error _handling (1.2). You are recommendedto omit this argumernt if you are unsure how to
useit. If this argumen is supplied, it must be initialized by a call to nag_set _error before this
procedureis called.

4 Error Codes

Fatal errors (error%lev el = 3):

error%co de Description

301 An input argumert hasan invalid value.

302 An array argumert hasan invalid shape.

303 Array argumerts have inconsistert shapes.

305 Invalid absenceof an optional argumert.

320 The procedurewas unable to allocate enough memory.

Failures (error%lev el = 2):
error%co de Description
201 User requestedtermination.
This exit occursif you have set finish to .true. in obj _fun or con_fun.

202 No feasible point was found for the linear constraints and bounds, which means
that either no feasible point exists for the given value of
control%lin _feas _tol (default value = SQRT(EPSILON(1.0vp)) ; see the type
de nition for nag.con.nlin _Isq _cntrl _wp), or no feasible point could be found in
the number of iterations speci ed by control%minor _iter lim (default value =
max(50,3(n + n_ + ny))).

You should ched that there are no constraint redundancies. If the data for the
constraints are accurate only to an absolute precision ¥ you should ensure that
the value of control%lin _feas _tol is greater than % For example, if all the
elemens of A, are of order unity and are accurate only to three decimal places,
then control%lin _feas _tol should be at least 10' 3.

203 No feasiblepoint could be found for the nonlinear constraints. The problem may have
no feasiblesolution. This meansthat there has beena sequenceof QP subproblems
for which no feasible point could be found (indicated by | at the end of ead line of
intermediate printout produced by the major iterations; seeSection 7.1).

This behaviour will occur if there is no feasible point for the nonlinear constraints.

(Howevwer, there is no generaltest that can determine whether a feasiblepoint exists
for a set of nonlinear constraints.) If the infeasible subproblemsoccur from the very

“rst major iteration, it is highly likely that no feasible point exists. If infeasibilities

occur when earlier subproblems have been feasible, small constraint inconsistencies
may be presen. You should ched the validity of constraints with negative values of

nlin _state (seeSection 3.2). If you are corvinced that a feasible point does exist,

this procedureshould be restarted at a di®erer starting point.

204 x does not satisfy the “rst-order Kuhn{T ucker conditions (see Section 1 of the
Mathematical Background section of this module documert), and no improved point
for the merit function (seeSection7.1) could be found during the "nal lineseard.

This sometimesoccurs becausean overly stringent accuracy has beenrequested,i.e.,
the value of control%optim _tol istoo small (default value= (EPSILON(1.Qwp))%72;
seethe typede nition of nag_con_nlin _sq _cntrl _wp). In this caseyou should apply
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205

the following tests to determine whether or not the "nal solution is acceptable (see
Gill et al. [10], for a discussionof the attainable accuracy):

(a) the nal value of Norm Gz (seeSection 7.1) is signi cantly lessthan that at the
starting point;

(b) during the "nal major iterations, the valuesof Step and Mnr (see Section 7.1)
are both one;

(c) the last few valuesof both Norm Gzand Violtn (seeSection 7.1) becomesmall
at a fast linear rate; and

(d) Cond Hz (seeSection7.1) is small.

If all these conditions hold, x is almost certainly a local minimum of (3).

If many iterations have occurred in which essetially no progresshas beenmade and
this procedure has failed completely to move from the initial point, then procedures
obj _fun and/or con_fun may be incorrect. You should refer to the description of
error%code = 205 and ched the Jacobiansusing control%cheap _test = .false.
(default value = .true. ; seethe type de nition for nag.con.nlin _Isq _cntrl _wp).
Unfortunately, there may be small errors in the objective and constraint Jacobians
that cannot be detected by the veri cation. Finite di®erenceapproximations to rst
derivativescan be catastrophically a®ectedeven by small inaccuracies. An indication
of this situation is a dramatic alteration in the iterates if the nite di®erenceinterval
is altered. One might also suspect this type of error if a switch is made to certral
di®erencesven when Norm Gzand Violtn (seeSection 7.1) are large.

Another possibility is that the seard direction has becomeinaccurate becauseof ill
conditioning in the Hessianapproximation or the matrix of constraints in the working
set; either form of ill conditioning tends to be re®ected in large values of Mnr (the
number of iterations required to solve eadr QP subproblem; seeSection 7.1).

If the condition estimate of the projected Hessian (Cond Hz see Section 7.1) is
extremely large, it may be worthwhile rerunning this procedurefrom the nal point
using cold _start = .false. (seeSection3.2). In this situation x_state , lin _state
(if n_ > 0), nlin _state and nlin _lambda (if n, > 0; seeSection 3.2) should be left
unaltered, and R should be resetto the identit y matrix.

If the condition estimate of the matrix of constraints in the working set (Cond T, see
Section 7.1) is extremely large, it may be worthwhile rerunning this procedure with

relaxed valuesof control%lin _feas _tol (default value = SQRT(EPSILON(1.6vp)) )

and/or control%nlin _feas tol (default value = SQRT(EPSILON(1.0vp)) or
(EPSILON(1.Qwp) )°33; seethe type denition for nag.con_nlin _sq _cntrl _wp).

(Constraint dependenciesare often indicated by wide variations in sizein the diagonal
elemers of the matrix T, whosediagonalswill be printed if the printing parameter
control%major _print _level 30 (default value = 10; seeSection7.1).)

B

The user-provided derivatives of the subfunctions and/or constraints appear to be
incorrect.

Large errorswerefound in the derivativesof the subfunctionsand/or constraints. This
exit occursif the veri cation processindicated that at leastone Jacobianelemen had
no correct gures. You should referto the printed output to determine which elemens
are suspectedto bein error.

As a rst step, you should ched that the code for computing the nonlinear functions
and constraints is correct (for example, by computing them at a point where the
correct valuesare known). Howewer, care should be taken that the chosenpoint fully
tests the evaluation of the functions and constraints. It is remarkable how often the
valuesx = 0 or x = 1 are usedto test evaluation procedures,and how often the
special properties of these numbers make the test meaningless.
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Jacobian cheding will be ine®ectie if the subfunctions (see fi(x) in (3)) use
information computed by the constraints, sincethey are not necessarilycomputed
prior to ead evaluation.

Errors in programming the subfunctions or constraints may be quite subtle in that
the values are "almost' correct. For example, the nonlinear function value may not
be accurate to full precision becauseof the inaccurate calculation of a subsidiary
quantity, or the limited accuracy of data upon which it depends.

Warnings (error%lev el = 1):

error%co de

101

102

Description

The nal iterate x satis es the rst-order Kuhn{T ucker conditions (see Section 1
of the Mathematical Background section of this module documernt) to the accuracy
requested, but the sequenceof iterates has not yet corverged. This procedure was
terminated becauseno further improvemert could be madein the merit function (see
Section 7.1).

This exit may occur in sewral circumstances. The most common situation
is that you have asked for a solution with accuracy that is not attainable
with the given precision of the problem (as specied by control%fun _prec
(default value = (EPSILON(1.0wp))%®: see the type denition for
nag-con_nlin _Isq _cntrl _wp)). This condition will alsooccur if, by chance,an iterate
is an “exact' Kuhn{T ucker point, but the changein the variables was signi cant at
the previous iteration. (This situation often happenswhen minimizing very simple
functions, sud as quadratics.)

If conditions (a){(d) described under error%code = 204 are satis ed, x is likely to
be a solution of (3) ewvenif error%code = 101.

The limiting number of iterations was readhed before normal termination occurred.

If the algorithm appears to be making satisfactory progress, then the value of
control%major _iter _lim (default value = max(50,3 £ (n+ n_) + 10 £ n,)); see
the type de nition for nag_con_nlin _Isq _cntrl _wp) may be too small. If so, either
increaseits value and rerun this procedure or, alternatively, rerun this procedure
using cold _start = .false. (seeSection3.2). If the algorithm seemsto be making
little or no progresshowever, then you should ched for incorrect Jacobians or ill

conditioning (as described under error%code = 204).

Note that ill conditioning in the working set is sometimesresolved automatically
by the algorithm, in which case performing additional iterations may be helpful.
However, ill conditioning in the Hessianapproximation tends to persist onceit has
begun,sothat allowing additional iterations without altering R is usually inadvisable.
If the quasi-Newton update of the Hessianapproximation was resetduring the latter
major iterations (i.e., an R occurs at the end of ead line of intermediate printout;
seeSection7.1), it may be worthwhile rerunning this procedureusing cold start =
false. (seeSection3.2).

5 Examples of Usage

A complete example of the use of this procedure appearsin Example 2 of this module documert. This
example could be modi ed to usesome(or all) of the optional argumerts described in Section 3.2.
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6 Further Commen ts

6.1 Accuracy

If error%code = O on exit, then the vector returned in the array x is an estimate of the solution to an
accuracy of approximately control%optim _tol (default value = (EPSILON(1.0wp))%"?; seethe type
de nition for nag.con_nlin _Isq _cntrl _wp).

6.2 Termination Criteria

This procedurereturns with error%code = 0 if the iterates have corvergedto a point x° that satis esthe
“rst-order Kuhn{T ucker conditions (seeSection 1 of the Mathematical Background sectionof this module
documert) to the accuracy requestedby control%optim _tol (default value = (EPSILON(1.Qwp))%72;
seethe type de nition for nag_con_nlin _Isq _cntrl _wp), i.e., the projected gradiert and active constraint
residuals are negligible at x"”.

6.3 Over’ow

If the printed output before the over°ow error contains a warning about serious ill conditioning
in the working set when adding the jth constraint, it may be possible to avoid the ditculty
by increasing the magnitude of control%nlin _feas tol (default value = SQRT(EPSILON(1.0vp))
or (EPSILON(1.Qwp))%33; see the type denition for nag.con.nlin lIsq cntrl _wp) and/or
control%lin _feas _tol (default value = SQRT(EPSILON(1.0vp)) ) and rerunning the program. If the
messageecurs even after this change,the o®endinglinearly dependert constraint (with index j ") must
be removed from the problem.

If over°ow occursin one of the user-suppliedprocedures(e.g., if the subfunctions involve exponertials
or singularities), it may help to specify tighter bounds for some of the variables (i.e., reduce the gap
betweenthe appropriate |; and u;).

7 Description of Prin ted Output

7.1 Major lteration Prin tout

This section describes the intermediate and nal printout produced by the major iterations of this
procedure (see Section 1 of the Mathematical Background section of this module documert). The level
of printed output can be cortrolled via the componerts list and major _print _level of the optional
argumert control . For example, a listing of the parameter settings to be used by this procedure is
output unlesscontrol%list is setto .false. . Note alsothat the intermediate printout and the nal
printout are produced only if control%major _print _level 10 (the default).

When control%major _print _level , 5 and control%lt80 _char = .true. (the default), the following

line of output (< 80 characters) is produced at ewery iteration. In all casesthe valuesof the quartities
printed are thosein e®ecton completion of the given iteration.

B

Maj is the major iteration court.

Mnr is the number of minor iterations required by the feasibility and optimalit y phasesof
the QP subproblem. Generally, Mnrwill be 1 in the later iterations, sincetheoretical
analysis predicts that the correct active set will be identi ed near the solution (see
the Mathematical Background section of this module documert).

Note that Mnr may be greater than control%minor _iter _lim (default value =
max(50,3£ (n + n_ + n,)); seethe type de nition for nag_con_nlin _sq _cntrl _wp)
if someiterations are required for the feasibility phase.

Step is the step taken along the computed seard direction. On reasonablywell-behaved
problems, the unit step will be taken asthe solution is approaced.

9.4.38 Module 9.4: nag._con.nlin _sq [NP3506/4]



Optimization

Merit Function

Norm Gz

Violtn

Cond Hz
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is the value of the augmened Lagrangian merit function (see Section 3 of the
Mathematical Background section of this module documert) at the current iterate.
This function will decreaseat ead iteration unlessit was necessaryto increasethe
penalty parametersAs the solution is approaded, Merit Function will corvergeto
the value of the objective function at the solution.

If the QP subproblem does not have a feasible point (signi ed by | at the end of
the current output line), the merit function is a large multiple of the constraint
violations, weighted by the penalty parameters. During a sequenceof major
iterations with infeasible subproblems, the sequenceof Merit Function values
will decreasemonotonically until either a feasible subproblem is obtained or this
procedureterminates with error%code = 203 (no feasible point could be found for
the nonlinear constraints).

If no nonlinear constraints are presen (i.e., ny = 0), this entry contains Objective ,
the value of the objective function F(x). The objective function will decrease
monotonically to its optimal value when there are no nonlinear constraints.

is kZT g k, the Euclidean norm of the projected gradiert (see Section 2 of the
Mathematical Background section of this module documert). Norm Gz will be
approximately zeroin the neighbourhood of a solution.

is the Euclidean norm of the residuals of nonlinear constraints that are violated or
in the predicted active set (not printed if n, = 0). Violtn will be approximately
zeroin the neighbourhood of a solution.

is a lower bound on the condition nhumber of the projected Hessianapproximation
Hz (Hz = Z"THxZ = RJRz; see(10) in Section 1 and (15) in Section 2 of
the Mathematical Background section of this module documert). The larger this
number, the more dixcult the problem.

is printed if the quasi-Newton update has beenmodi ed to ensurethat the Hessian
approximation is positive de nite (see Section 4 of the Mathematical Background
section of this module documert).

is printed if the QP subproblem has no feasible point.

is printed if certral di®erenceshave beenusedto compute the unspeci ed objective
and constraint Jacobians. If the value of Step is zero, the switch to certral di®erences
was made becauseno lower point could be found in the lineseard. (In this case,
the QP subproblemis re-solved with the certral di®erencegradient and Jacobian.)
If the value of Step is non-zero, certral di®erenceswere computed becauseNorm
Gzand Violtn imply that x is closeto a Kuhn{T ucker point (see Section 1 of the
Mathematical Background section of this module documert).

is printed if the lineseardh has produced a relative change in x greater than the
value de ned by control%step _limit (default value = 2.0; seethe type de nition
for nag.con.nlin _Isq _cntrl _wp).

If this output occurs frequertly during later iterations of the run,
control%step _limit should be setto a larger value.

is printed if the approximate Hessianhasbeenrefactorized. If the diagonal condition
estimator of R indicates that the approximate Hessianis badly conditioned, the
approximate Hessianis refactorized using column interchanges. If necessaryR is
modi ed sothat its diagonal condition estimator is bounded.

When control%major _print _level 5and control%It80 _char = .false. , the following line of output

B

(up to 132 characters) is produced at every iteration. In all cases,the values of the quartities printed
are those in e®ecton completion of the given iteration.

Maj
Mnr
Step
Nfun

[NP3506/4]

(as above)

(as above)

(as above)

is the cumulative number of evaluations of the objective function needed for
the lineseard. Evaluations neededfor the estimation of the Jacobians by Tnite
di®erencesare not included. Nfun is printed as a guide to the amourt of work
required for the lineseard.
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Merit  Function
Norm Gz

Violtn

Nz

Bnd

Lin

NIn
Penalty
CondH
Cond Hz
CondT

Conv

aro—<L

(as above)

(as above)

(as above)

is the number of columnsof Z (seeSection?2 of the Mathematical Background section
of this module documert). The value of Nz is the number of variables minus the
number of constraints in the predicted active set;i.e., Nz= nj ( Bnd+ Lin + Nin).
is the number of simple bound constraints in the predicted active set.

is the number of generallinear constraints in the predicted active set.

is the number of nonlinear constraints in the predicted active set (not printed if
ny = 0).

is the Euclidean norm of the vector of penalty parametersusedin the augmened
Lagrangian merit function (not printed if n, = 0).

is a lower bound on the condition number of the Hessianapproximation H.

(as above)

is a lower bound on the condition number of the matrix of predicted active
constraints.

is a three-letter indication of the status of the three corvergence tests
dened in the description of control%optim _tol (see the type de nition for
nag_con_nlin _Isq _cntrl _wp). Each letter is T if the test is satised, and F
otherwise. The three tests indicate whether:

(a) the sequenceof iterates has corverged;
(b) the projected gradient (Norm G2 is suzciently small; and

(c) the norm of the residualsof constraints in the predicted active set (Violtn ) is
small enough.

If any of these indicators is F on termination with error%level = 0, you should
ched the solution carefully.

(as above)

(as above)

(as above)

(as above)

(as above)

The "nal printout includes a listing of the status of every variable and constraint.

The following describesthe printout for ead variable. A full stop (.) is printed for any numerical value

that is zero.

Varbl
State

9.4.40

givesthe name (V) and index j, for j = 1;2;:::;n of the variable.

givesthe state of the variable (FRif neither bound is in the working set, EQif a xed
variable, LL if on its lower bound, ULif on its upper bound, TFif temporarily xed
at its current value). If Value lies outside the upper or lower bounds by more
than control%lin _feas _tol (default value = SQRT(EPSILON(1.0vp)) ; seethe
typede nition for nag_.con_nlin _Isq _cntrl _wp), State will be++or -- respectively.
(The latter situation can occur only when there is no feasible point for the bounds
and linear constraints.)

A key is sometimesprinted before State to give additional information about the
state of a variable.

A Alternative optimum possible. The variable is active at one of its bounds, but
its Lagrange multiplier is essetially zero. This meansthat if the variable
were allowed to start moving away from its bound, there would be no change
to the objective function. The valuesof the other free variables might change,
giving a geruine alternativ e solution. Howevwer, if there are any degenerate
variables (labelled D), the actual change might prove to be zero, since one of
them would encounter a bound immediately. In either casethe values of the
Lagrange multipliers might also change.
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D Degeneate. The variable is free, but it is equalto (or very closeto) one of its
bounds.

I Infeasible. The variable is currently violating one of its bounds by more than
control%lin _feas _tol .

Value is the value of the variable at the nal iterate.

Lower Bound is the lower bound speci ed for the variable. Noneindicates that x_lower (j) -
i control%inf _bound (default value = 10%°; see the type de nition for
nag.con_nlin _Isq _cntrl _wp).

Upper Bound is the upper bound speci ed for the variable. Noneindicates that x_upper(j) ,
control%inf _bound

Lagr Mult is the Lagrange multiplier for the assaiated bound. This will be zeroif State is FR
unlessx_lower (j) - i control%inf _boundand x_upper(j) , control%inf _bound,

in which casethe entry will be blank. If x is optimal, the multiplier should be
non-negative if State is LL, and non-positive if State is UL

Slack is the di®erencebetween the variable Value and the nearer of its ("'nite) bounds
x_lower (j) and x_upper(j). A blank entry indicates that the assaiated variable
is not bounded (i.e., x_lower(j) - j control%inf _bound and x_upper(j) ,
control%inf _bound).

The meaning of the printout for linear and nonlinear constraints is the sameas that given above for
variables, with “variable' replacedby “constraint', x_lower and x_upper are replacedby either lin _lower
and lin _upper, or by nlin _lower and nlin _upper, respectively, control%lin _feas _tol is replacedby
control%nlin _feas _tol for the nonlinear constraints and with the following changesin the heading:

L Con givesthe name (L) and index j, forj = 1;2;:::;n_ of the linear constraint.
N Con givesthe name (N and index j, for j = 1;2;:::;n, of the nonlinear constraint.

Note that movemert o® a constraint (as opposedto a variable moving away from its bound) can be
interpreted as allowing the entry in the Slack column to becomepositive.

Numerical values are output with a xed number of digits; they are not guaranteed to be accurate to
this precision.

7.2 Minor lteration Prin tout

This section describes the intermediate and nal printout produced by the minor iterations of this
procedure, which involves solving a QP subproblem of the form
8 9
< p =
minirr)nize g'p+ ip"Hp subjectto t-  Ap. - @ 4)
" AP’

at every major iteration. (For more details seeSection1 of the Mathematical Background section of this
module documert.) The level of printed output canbe cortrolled via the componert minor _print _level
of the optional argumert control . Note that the intermediate printout and the nal printout are
produced only if control%minor _print _level 10 (default value = 0, which producesno output).

B

When control%minor _print _level , 5and control%lt80 _char = .true. , the following line of output

(< 80 characters) is produced at every iteration. In all cases,the values of the quartities printed are
those in e®ecton completion of the given iteration of the QP subproblem.

Itn is the iteration court.

Step is the step taken alongthe computed seard direction. If a constraint is addedduring
the current iteration, Step will be the step to the nearest constraint. During the
optimality phase,the step can be greater than one only if the factor Rz is singular
(seeSection 2 of the Mathematical Background section of this module documert).

Ninf is the number of violated constraints (infeasibilities). This will be zero during the
optimality phase.
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Sinf/Objective is the value of the current objective function. If x is not feasible, Sinf gives

a weighted sum of the magnitudes of the constraint violations. If x is feasible,
Objective is the value of the QP objective function in (4). The output line for the
“nal iteration of the feasibility phase(i.e., the rst iteration for which Ninf is zero)
will give the value of the true objective at the rst feasiblepoint.
During the optimality phase, the value of the objective function will be non-
increasing. During the feasibility phase,the number of constraint infeasibilities will
not increaseuntil either a feasiblepoint is found, or the optimalit y of the multipliers
implies that no feasible point exists. Once optimal multipliers are obtained, the
number of infeasibilities canincrease,but the sum of infeasibilities will either remain
constart or be reduceduntil the minimum sum of infeasibilities is found.

Norm Gz isjjZ T g jj, the Euclidean norm of the reducedgradient of the QP objective function
in (4) with respectto Z (seeSection2 of the Mathematical Background sectionof this
module documert). During the optimality phase,this norm will be approximately
zero after a unit step.

When control%minor _print _level , 5andcontrol%lt80 _char = .false. , the following line of output
(up to 120 characters) is produced at every iteration. In all cases,the values of the quartities printed
are thosein e®ecton completion of the given iteration of the QP subproblem. The following convertion
is used for numbering the constraints: indices 1 through n refer to the bounds on the variables, and
indicesn + 1 through n+ n_ or n+ n_ + n, refer to the generalconstraints (if any). When the status of
a constraint changes,the index of the constraint is printed, along with the designationL (lower bound),

U (upper bound), E (equality), F (temporarily "xed variable) or A (arti cial constraint).

Itn (as above)

Jdel is the index of the constraint deleted from the QP working set. If Jdel is zero, no
constraint was deleted.

Jadd is the index of the constraint added to the QP working set. If Jadd is zero, no
constraint was added.

Step (as above)

Ninf (as above)

Sinf/Objective (as above)

Bnd is the number of simple bound constraints in the current QP working set.

Lin is the number of generallinear constraints in the current QP working set.

Art is the number of arti cial constraints in the QP working set.

Zr is the dimension of the sub-spacein which the QP objective function in (4) (Section

7.2) is currently being minimized. The value of Zr is the number of variables minus
the number of constraints in the working set; i.e., Zr = n j (Bnd+Lin+Art).

The value of nz, the number of columns of Z (see Section 1 of the Mathematical
Background section of this module documert) can be calculated asnz; = n j
(Bnd+Lin). A zerovalue of nz implies that x lies at a vertex of the feasibleregion.

Norm Gz (as above)

Norm Gf iS jjGkr Jj, the Euclidean norm of the gradient of the QP objective function in (4)
with respect to the free variables, i.e., variables not currently held at a bound (see
Section 2 of the Mathematical Background section of this module documert).

CondT is a lower bound on the condition humber of the QP working set.

Cond Rz is a lower bound on the condition number of the triangular factor Ry (the “rst Zr
rows and columns of the factor Rz ; seeSection 2 of the Mathematical Background
section of this module documert). If the estimated rank of the matrix H in (4) is
zero, Cond Rzis not printed.

The "nal printout includes a listing of the status of every variable and constraint.

The following describesthe printout for ead variable. A full stop (.) is printed for any numerical value
that is zero.
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Varbl givesthe name (V) and index j, for j = 1;2;:::;n of the variable.

State givesthe state of the variable (FRif neither bound is in the working set, EQif a xed
variable, LL if on its lower bound, ULif on its upper bound, TFif temporarily "xed
at its current value). If Value lies outside the upper or lower bounds by more than
control%lin _feas _tol , State will be ++or -- respectively.

A key is sometimesprinted before State to give additional information about the
state of a variable.

A Alternative optimum possible. The variable is active at one of its bounds, but
its Lagrange multiplier is essetially zero. This meansthat if the variable
were allowed to start moving away from its bound, there would be no change
to the objective function. The valuesof the other free variables might change,
giving a geruine alternativ e solution. Howewer, if there are any degenerate
variables (labelled D), the actual change might prove to be zero, since one of
them would encounter a bound immediately. In either casethe values of the
Lagrange multipliers might also change.

D Degenernte. The variable is free, but it is equalto (or very closeto) oneof its
bounds.

I Infeasible. The variable is currently violating one of its bounds by more than
control%lin _feas _tol .

Value is the value of the variable at the "nal iterate.

Lower Bound is the lower bound specied for the variable. None indicates that
fj . i control%inf _bound (default value = 10%°; see the type de nition for
nag.con_nlin _Isq _cntrl _wp).

Upper Bound is the upper bound specied for the variable. None indicates that ;
control%inf _bound

Lagr Mult is the Lagrange multiplier for the assaiated bound. This will be zeroif State is FR
unlessf; - i control%inf _boundand &; , control%inf _bound in which casethe

ertry will be blank. If x is optimal, the multiplier should be non-negatiwve if State
is LL, and non-positive if State is UL

Slack is the di®erencebetweenthe variable Value and the nearer of its ("nite) bounds h
and &;. A blank entry indicates that the assaiated variable is not bounded (i.e.,
f, - i control%inf _boundand &; , control%inf _bound).

The meaning of the printout for general constraints is the same as that given above for variables,
with ‘“variable' replaced by ‘constrairt, ; and & are replaced by 1., and & ., respectively,
control%lin _feas _tol is replaced by control%nlin _feas _tol for the nonlinear constraints and with
the following changesin the heading:

L Con givesthe name (L) and index j, for j = 1;2;:::;n_+ n, of the constraint unless
an initial feasiblepoint (for the linear constraints and bounds) is being sougft, in
which casej = 1;2;:::;n,.

Note that movemert o® a constraint (as opposedto a variable moving away from its bound) can be
interpreted as allowing the entry in the Slack column to becomepositive.

Numerical values are output with a "xed number of digits; they are not guaranteed to be accurate to
this precision.
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Pro cedure: nag_con_nlin _Isq_cntrl _init

1 Description

nag_con_nlin _Isq _cntrl _init assignsdefault valuesto the componens of a structure of the derived
type nag_con_nlin _Isq _cntrl _wp.

2 Usage

USEnag_con_nlin _Isq

CALLnag con_nlin _Isq _cntrl _init(control)

3 Argumen ts
3.1 Mandatory Argumen t

control | type(nag.con.nlin_lsg.cntrl wp), intent(out)

Output: a structure cortaining the default valuesof those parameterswhich cortrol the behaviour
of the algorithm and level of printed output. A description of its componerts is given in the
documernt for the derived type nag_con_nlin _Isq _cntrl _wp.

4 Error Codes

None.

5 Examples of Usage

A complete example of the use of this procedureappearsin Example 2 of this module document.
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Deriv ed Type: nag_con _nlin _Isq_cntrl _wp

Note. The names of derived typescontaining real/complex components are precision dependent. For double precision the
name of this type is nag_con_nlin _Isq _cntrl _dp. For single precision the name is nag_con.nlin lIsq cntrl _sp. Please read
the Users' Note for your implementation to check which precisions are available.

1 Description

A structure of type nag_con_nlin _sq _cntrl _wp is usedto supply a number of optional parameters:
these govern the level of printed output and a number of tolerances and limits, which allow you to
in°uence the behaviour of the algorithm. If this structure is supplied then it must be initialized prior
to use by calling the procedure nag-con_nlin _Isq _cntrl _init , which assignsdefault valuesto all the
structure componerts. You may then assignrequired valuesto selectedcomponerts of the structure (as
appropriate).

2 Type De nition

The public componerts are listed below; componerts are grouped according to their function. A full
description of the purposeof eat componert is given in Section 3.

type nag.con.nlin _Isq _cntrl _wp
I Printing parameters

logical :: list

integer :  unit

logical :: It80 _char

integer ::  major_print _level
integer :  minor_print _level

! Derivative verification and approximation
logical : initial X

logical : cheap_test

logical :: obj_verify

integer :  start _obj_check
integer :  stop _obj _check
logical :  con.verify

integer ::  start _con_check
integer ::  stop _con_check
real(kind= wp) :: diff _int
real(kind= wp) :: cent _diff _int
! Algorithm choice and tolerances
integer :  major_iter _lim
integer ::  minor_iter _lim
integer :  reset _freq
real(kind= wp) : inf _bound
real(kind= wp) :: inf _step
real(kind= wp) :: lin _feas _tol
real(kind= wp) :: nlin _feas _tol
real(kind= wp) :: crash _tol
real(kind= wp) :: fun _prec
real(kind= wp) :  optim _tol
real(kind= wp) : linesearch _tol
real(kind= wp) :: step _limit
logical : hessian

logical :: jtj _init _hess

end type nag._con_nlin _sq _cntrl _wp
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3 Comp onents

3.1 Printing Parameters

list | logical
Controls the printing of the parameter settings in the call to nag.cononlin _Isq sol and
nag.con_nlin _Isq _sol _1.

If list = .true. , then the parameter settings are printed;
if list = .false. ,then the parameter settings are not printed.
Default: list = .true.
unit | integer

Speci es the Fortran unit number to which all output produced by nag.con.nlin Isq sol and
nag-con_nlin _Isq _sol _1 is sert.

Default: unit = the default Fortran output unit number for your implemertation.
Constraints: a valid output unit.

[t80 _char | logical

Controls the maximum length of ead line of output produced by nag_con.nlin Isq _sol and
nag.con_nlin _Isq _sol _1.

If t80 _char = .true. , then the output will not exceed80 characters per line;

if t80 _char = .false. , then the output will not exceed132 characters per line whenewer
major _print _level 5 (the default) or minor _print _level 5 (default value = 0).

B 5

Default: 1t80 _char = .true.

major _prin t level | integer

Controls the amount of output produced by the major iterations of nag.con.nlin Isq _sol and
nag_con_nlin _Isq _sol _1, asindicated below. A detailed description of the printed output is given
in Section 7.1 of the appropriate proceduredocumert.

If ItBO _char = .true. (the default), the following output is sert to the Fortran unit number
de ned by unit :

0 No output.
1 The nal solution only.
5 Oneline of summary output (< 80 characters) for eat major iteration (no printout of
the "nal solution).
10 The nal solution and oneline of summary output for eac major iteration.

5

If t80 _char = .false. , the following output is sert to the Fortran unit number de ned by unit :

0 No output.

1 The nal solution only.

5 Onelong line of output (up to 132 characters) for eadh major iteration (no printout of
the "nal solution).

10 The nal solution and onelong line of output for each major iteration.

20 At ead major iteration, the objective function, the Euclidean norm of the nonlinear
constraint violations, the valuesof the nonlinear constraints (the vector c), the values
of the linear constraints (the vector A, x), and the current valuesof the variables (the
vector x).

30 At ead major iteration, the diagonal elemers of the matrix T assaiated with the TQ
factorization (9) of the QP working set, as described in Section 1 of the Mathematical
Background section of this module documenrt, and the diagonal elemers of R, the
triangular factor of the transformed and re-ordered Hessian(10).

Default: major_print _level = 10.
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minor _pri

n Type nag_con_nlin _Isq _cntrl _wp

nt_level | integer

Controls the amount of output produced by the minor iterations of nag.con.nlin Isq _sol and
nag._con_nlin _Isq _sol _1, asindicated below. A detailed description of the printed output is given
in Section 7.2 of the appropriate procedure documert.

If ItBO _char = .true. (the default), the following output is sert to the Fortran unit number
de ned by unit :

5

0 No output.
1 The nal QP solution only.
5 Oneline of summary output (< 80 characters) for each minor iteration (no printout of
the "nal QP solution).
10 The nal QP solution and oneline of summary output for eadh minor iteration.

If t80 _char = .false. , the following output is sert to the Fortran unit number de ned by unit :

0 No output.

1 The nal QP solution only.

5 Onelong line of output (up to 132 characters) for ead minor iteration (no printout of
the nal QP solution).

10 The nal solution and onelong line of output for ead minor iteration.

20 At ead minor iteration, the current estimates of the QP multipliers, the current
estimate of the QP seard direction, the QP constraint values, and the status of each
QP constraint.

30 At ead minor iteration, the diagonal elemers of the matrix T assaiated with
the TQ factorization (9) of the QP working set, as described in Section 1 of the
Mathematical Background sectionof this module documert, and the diagonal elemens
of the Cholesky factor R of the transformed Hessian(10).

Default: minor _print _level = 0.

3.2 Deriv ativ e Veri cation and Appro ximation

initial x| logical
initial _x speci es the point at which the objective and constraint Jacobians are to be
cheded.

If initial x = .true. , then the ched will be made at the user-speci ed initial value of x;

if initial _x = .false. (the default), then the ched will be made at the "rst point that
satis es the linear constraints and bounds.

Default: initial _x = .false.

cheap _test | logical
cheap_test speci es the level of veri cation of elemens computed by proceduresobj fun and

con_f

un (seeSection 3 of the appropriate procedure documert).

If cheap_test = .true. (the default), then only a “cheap' test will be performed on the
objective and constraint Jacobiansat the point speci ed by initial ~ _x (requiring one call to
obj _fun and con_fun).

If cheap_test = .false. , then a more reliable (but more expensiwe) chek will be made on
individual objective and constraint Jacobianelemerts at the point speci ed by initial  _x (see
the descriptions of obj _verify and con_verify ).

Default: cheap_test = .true.
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obj_verify | logical
Note: obj _verify only takese®ectif cheap_test = .false. (default value = .true. ).

It speci es whether or not individual elemerts of the objective Jacobian are to be cheded. (Note
that unspeci ed elemeris are not chedked.)

If obj_verify = .true. (the default), then individual objective Jacobian elemens within
the range speci ed by start _obj _check (default value = 1) to stop _obj _check (default
value = number of variables) will be chedked at the point specied by initial x. |If
major _print _level > O (the default), a result of the form OKor BAD7s printed to indicate
whether or not eat elemen appearsto be correct.

If obj _verify = .false. , then no cheds will be performed on the objective Jacobian.

Default: obj _verify = .true.

start _obj_check | integer
Note: start _obj _check only takese®ectif obj verify = .true. (the default).
It speci esthe rst elemen of the objective Jacobianto be cheded.

Default: start _obj _check = 1.
Constraints: seethe description of stop _obj _check.

stop _obj_check | integer
Note: stop _obj _check only takese®ectif obj verify = .true. (the default).
It speci es the last elemeri of the objective Jacobianto be cheded.

Default: stop _obj _check = number of variables.
Constraints: 1 - start _obj _check - stop _obj check - number of variables.

con _verify | logical
Note: con_verify only takese®ectif cheap_test = .false. (default value = .true. ).

It speci es whether or not individual elemens of the constraint Jacobian are to be chedked. (Note
that unspeci ed elemerts are not chedked.)

If con_verify = .true. (the default), then individual Jacobian elemens in columns
start _con_check (default value= 1) to stop _con_check (default value = number of variables)
will be cheded at the point speci ed by initial ~ x. If major _print _level > 0 (the default),
a result of the form OKor BAD7s printed to indicate whether or not ead elemen appearsto

be correct.
If con_verify = .false. , then no chedks will be performed on the constraint Jacobian.
Default: con_verify = .true.

start _con _check | integer
Note: start _con_check only takese®ectif con_verify = .true. (the default).
It speci esthe rst column of the constraint Jacobianto be cheded.

Default: start _con_check = 1.
Constraints: seethe description of stop _con_check.

stop _con _check | integer
Note: stop _con_check only takese®ectif con_verify = .true. (the default).
It speci es the last column of the constraint Jacobianto be cheded.

Default: stop _con_check = number of variables.
Constraints: 1 - start _con_check - stop _con_check - number of variables.
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di®_int | real(kind= wp)
diff _int de nesan interval usedto estimate derivativesin the following circumstances:

(a) for verifying the objective and constraint Jacobians (see the descriptions of cheap_test |,
obj _verify and con_verify );

(b) for estimating unspeci ed elemeris of the objective and constraint Jacobians.

In general, a derivative with respect to the jth variable is approximated using the interval %,
where & = diff _int £(1+]%; j), with ® the rst point feasiblewith respect to the bounds and
linear constraints. If the functions are well scaled, the resulting derivative approximation should
be accurateto O(diff _int ). SeeGill et al. [10] for a discussionof the accuracyin "nite di®erence
approximations.

Default: a "nite di®erenceinterval is computed automatically for eac variable by a procedure
that requires up to six calls of obj fun and con_fun (seeSection 3 of the appropriate procedure
document). This option is recommendedif the function is badly scaled or you wish to have
nag.con_nlin _Isq _sol and nag_con_nlin _Isg _sol _1 determine constart elemers in the objective
and constraint Jacobians.

Constraints: EPSILON(1.Qwp) - diff _int < 1.0.

cent _di®_int | real(kind= wp)

cent _diff _int speci es the di®erenceinterval to be used for every elemeri of x whenewer the
algorithm switches from forward di®erenceso certral di®erencegbecausethe forward-di®erence
approximation is not suzciently accurate). The switch to certral di®erenceds indicated by C at
the end of ead line of intermediate output produced at the end of a major iteration; seeSection
7.1 of the appropriate proceduredocumert.

Default: a nite di®erenceinterval is computed automatically for ead variable by a procedurethat
requiresup to six calls of obj _fun and con_fun (seethe description of diff _int ).
Constraints: EPSILON(1.Qwp) - ent _diff _int < 1.0.

3.3 Algorithm Choice and Tolerances

major _iter _lim | integer
major _iter _lim speci es the maximum number of major iterations allowed before termination.
If you wish to ched that a call to nag.con_nlin _Isq _sol or nag_con_nlin _sq _sol _1 is correct
before attempting to solve the problem in full then major_iter _lim may be setto 0. No major
iterations will be performed but the initialization stagesprior to the rst major iteration will be

processedand a listing of parameter settings output if list = .true. (the default). Any derivative
cheding (as speci ed by cheap_test , obj _verify and con_verify ) will also be performed.

Default: major_iter _lim = max(50,3 (number of variables + number of linear constraints) +
10£ number of nonlinear constraints).
Constraints: major _iter _lim , O.

minor _iter _lim | integer

minor _iter _lim speci esthe maximum number of iterations for nding afeasiblepoint with respect
to the linear constraints and bounds on the variables. It also speci es the maximum number of
minor iterations for the optimality phaseof each QP subproblem.

Default: minor__iter _lim = max(50,3E (number of variables + number of linear constraints +
number of nonlinear constraints)).

Constraints: minor _iter _lim | 1.
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reset freq | integer
Every reset _freq iterations the approximate Hessian matrix is resetto J'J, where J is the
objective Jacobian matrix r f (x) (seethe description of jtj _init _hess).

At any point where there are no nonlinear constraints active and the values of f (x) are small
in magnitude compared to the norm of J, JTJ will be a good approximation to the objective
Hessianmatrix r 2F (x). Under thesecircumstances,frequert resetting cansigni cantly improvethe
convergencerate of nag.con_nlin _Isq _sol and nag.con_nlin _Isq _sol _1. Resetting is suppressed
at any iteration during which there are nonlinear constraints active.

Default: reset freq = 2.

Constraints: reset _freq 1.

5

inf _bound | real(kind= wp)
inf _bound de nes the “in nite' bound sizein the de nition of the problem constraints. Any upper
bound greater than or equalto inf _boundwill be regardedas+1 (and similarly any lower bound
lessthan or equalto j inf _boundwill be regardedasil ).
Default: inf _bound= 10%°.
Constraints: inf _bound> 0.0.

inf _step | real(kind=wp)
inf _step speci es the magnitude of the changein variables that will be considereda step to an
unbounded solution. If the changein x during an iteration would exceedthe value of inf _step,
the objective function is consideredto be unbounded below in the feasibleregion.
Default: inf _step = max(inf _bound, 10%°).
Constraints: inf _step , inf _bound

lin _feas_tol | real(kind=wp)

lin _feas _tol de nesthe maximum acceptableabsoluteviolation in linear constraints at a “feasible'
point; i.e., a linear constraint is consideredsatis ed if its violation doesnot exceedlin feas tol .

On entry to nag.con_nlin _Isq _sol or nag_.con_nlin _Isq _sol _1, an iterativ e procedureis executed
in order to 'nd a point that satis es the linear constraints and bounds on the variables to within
the tolerance speci ed by lin _feas _tol . All subsequen iterates will satisfy the linear constraints
to within the sametolerance (unlesslin _feas _tol is comparableto the nite di®erenceinterval).

lin _feas _tol should re°ect the precision of the linear constraints. For example, if the variables
and the coezxcients in the linear constraints are of order unity, and the latter are correct to about
6 decimal digits, it would be appropriate to specify lin _feas _tol as 10’ ©.

Default: lin _feas tol = SQRT(EPSILON(1.6vp)) .

Constraints: EPSILON(1.0wp) - lin feas tol < 1.0.

nlin feas_tol | real(kind=wp)
nlin _feas _tol de nes the maximum acceptable absolute violation in nonlinear constraints at a
“feasible’ point; i.e., a nonlinear constraint is consideredsatis ed if its violation does not exceed
nlin _feas _tol .
nlin _feas _tol de nesthe largest constraint violation that is acceptableat an optimal point. Since
nonlinear constraints are not generally satis ed until the nal iterate, the value of nlin _feas _tol
actsasa partial termination criterion for the iterativ e sequencegeneratedby nag_con_nlin _sq _sol
and nag_con_nlin _Isq _sol _1 (seethe description of optim _tol ).

nlin _feas _tol shouldre’ect the precisionof the nonlinear constraints. For example, if the variables
and the coezxcients in the nonlinear constraints are of order unity, and the latter are correct to
about 6 decimal digits, it would be appropriate to specify nlin _feas _tol as10' 6.

Default: nlin feas tol = SQRT(EPSILON(1.0vp)) if con_deriv = .true. (the default; see
Section 3.2 of the appropriate proceduredocumert), and (EPSILON(1.Qwp))%32 otherwise.

Constraints: EPSILON(1.Qwp) - nlin _feas tol < 1.0.
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crash _tol | real(kind= wp)
crash _tol is usedin conjunction with the optional argumert cold _start (seeSection 3.2 of the
appropriate proceduredocumert) in order to selectan initial working set.

If cold _start = .true. (the default), the initial working set will include (if possible)bounds or
generalinequality constraints that lie within crash _tol of their bounds. In particular, a constraint
of the form aij , | 'will beincluded in the working set if jaij i 1j- crash_tol £ (1+ jlj).

Default: crash _tol = 0.01.
Constraints: 0.0+ crash_tol - 1.0.

fun _prec | real(kind=wp)

fun _prec de nes ", which is intended to be a measureof the accuracy with which the problem
functions F(x) and c(x) can be computed.

The value of "; should re°ect the relative precisionof 1+ jF (x)j; i.e., " actsasarelative precision
whenjF j is large, and as an absolute precisionwhen jF j is small. For example,if F (x) is typically
of order 1000and the rst six signi cant digits are known to be correct, an appropriate value for
" would be 10 ©. In cortrast, if F(x) is typically of order 10' * and the Tst six signi cant digits
are known to be correct, an appropriate value for ", would be 10 1°.

The choiceof ", canbe quite complicated for badly scaledproblems; seeChapter 8 of Gill et al. [10]
for a discussionof scaling techniques. The default value is appropriate for most simple functions
that are computed with full accuracy However, whenthe accuracyof the computed function values
is known to be signi cantly worse than full precision, the value of ", should be large enough so
that nag.con_nlin _Isq _sol and nag.con_nlin _Isg _sol _1 will not attempt to distinguish between
function valuesthat di®er by lessthan the error inherert in the calculation.

Default: fun _prec = (EPSILON(1.Qwp))°°.

Constraints: EPSILON(1.Qwp) - fun _prec < 1.0.

optim _tol | real(kind= wp)

optim _tol speci es the accuracy to which you wish the "nal iterate to approximate a solution
of the problem. Broadly speaking, optim _tol indicates the number of correct gures desired
in the objective function at the solution. For example, if optim _tol is set to 10' ®, the "nal
value of F should have approximately six correct "gures whenewer nag_con.nlin lIsq _sol and
nag_con_nlin _Isg _sol _1 terminate successfullyi.e., if the iterativ e sequenceof x-valuesis judged
to have convergedand the nal point satis es the rst-order Kuhn{T ucker conditions (see Section
1 of the Mathematical Background section of this module documert).

The sequenceof iterates is consideredto have corvergedat x if
®jpjj - optim tol £ (1+ jjxjj);

where p is the seart direction and ® the step length from (7) (seeSection 1 of the Mathematical
Background section of this module documert). An iterate is consideredto satisfy the rst-order
conditions for a minimum if

iZTgwji - optim_tol £ (1+ max (1+ jF(X)j;]jg i)
and
jresj- nlin _feas _tol forall j;

whereZ " g is the projected gradiert, g is the gradiert of F (x) with respectto the freevariables,
and res is the violation of the jth active nonlinear constraint.

Default: optim _tol = (EPSILON(1.Qwp))%72.
Constraints: fun _prec - optim tol < 1.0.
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linesearc h_tol | real(kind=wp)

linesearch _tol cortrols the accuracy with which the step ® taken during ead iteration
approximates a minimum of the merit function along the seard direction (the smaller the value
of linesearch _tol , the more accurate the lineseart). The default value (= 0.9) requestsan
inaccurate seard, and is appropriate for most problems, particularly those with any nonlinear
constraints.

If there are no nonlinear constraints, a more accurate seard may be appropriate whenit is desirable
to reducethe number of major iterations (for example,if the objective function is cheapto evaluate,
or if a substartial number of derivativesare unspeci ed).

Default: linesearch _tol = 0.9.
Constraints: 0.0 - linesearch _tol < 1.0.

step _limit | real(kind= wp)
step _limit speci es the maximum changein variables at the rst step of the lineseard. It is used
to encourageevaluation of the problem functions at "meaningful’ points only, sincein somecases,
such as F(x) = ae™ or F(x) = ax®, even a moderate changein the elemens of x can lead to
°oating-p oint over°ow. Givenany major iterate x, the rst point x at which F and c are evaluated
during the lineseard is restricted so that

ji*¥i Xjjz - stepdimit £ (1 + jjxjj2):

The linesearty may go on and evaluate F and c at points further from x if this will result in a
lower value of the merit function (indicated by L at the end of ead line of intermediate printout
produced by the major iterations; seeSection 7.1 of the appropriate procedure documert). If L is
printed for most of the iterations, step _limit should be set to a larger value.

Wherever possible, upper and lower bounds on x should be used to prevent ewaluation of the
subfunctions at wild values. The default value (= 2.0) should not a®ectprogresson well-behaved
functions, but valuessud as0.1 or 0.01 may be helpful when rapidly varying functions are preser.
If a small value of step _limit is selected,a good starting point may be required.

Default: step _limit = 2.0.
Constraints: step _limit > 0.0.

hessian | logical

hessian is usedin conjunction with the optional argumert r (seeSection 3.2 of the appropriate
procedure documert). It cortrols the contents of the upper triangular Cholesky factor R
(see Section 1 of the Mathematical Background section of this module documert). Note
that nag_con_nlin _Isq _sol and nag.con_nlin _sq _sol _1 work exclusively with the transformed
and re-ordered HessianHg, and hence extra computation is required to form the HessianH

explicitly .
If hessian = .true. and r is presen, the upper triangular Cholesky factor R of the
approximate (untransformed) HessianH is formed and storedin r.
If hessian = .false. and r is presen, the upper triangular Cholesky factor R of the

transformed and re-ordered HessianH g is formed and storedin r.

The default value (= .true. ) should be usedif the optional argumert cold _start (seeSection3.2
of the appropriate proceduredocumert) will be .false. on the next call to nag_con_nlin _sq _sol
or nag_con_nlin _Isq _sol _1.

Default: hessian = .true.
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jtj -init _hess | logical

jti Znit _hess cortrols the initial value of the upper triangular Cholesky factor R (seeSection 1
of the Mathematical Background section of this module documert).

If jtj _init _hess= .true. ,then R isinitialized to JTJ (which is often a good approximation
to the objective Hessianmatrix r 2F (x); seethe description of reset _freq ).

If jtj _init _hess = .false. , then R is initialized to the identit y matrix.

Default: jtj _init _hess = .true.
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Example 1. Nonlinear Least-squares Programming Problem
(with  bounds but no linear constrain ts)

This is Problem 57 from Hock and Sdhittk owski [11] and involvesthe minimization of the nonlinear sum
of squaresfunction

)64
F)= 3 (fi(x)i y)%

i=1
wherefi(x) = x1 + (0:49; x;)el *2(3i ® gnd

i 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
a; 8 8 10 10 10 10 12 12 12 12 14 14 14 16 16
yi 0:49 0:49 048 0:47 048 047 046 046 045 043 045 043 043 044 043
i 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
a 16 18 18 20 20 20 22 22 22 24 24 24 26 26 26
yi 043 0:46 045 042 042 043 041 041 040 042 040 040 041 040 041
i 31 32 33 34 35 36 37 38 39 40 41 42 43 44
a 28 28 30 30 30 32 32 34 36 36 38 38 40 42
yi 0:41 0:40 040 040 038 041 040 040 041 038 040 040 0:39 0:39

subject to the bounds

X1, 0:4
X2 i 40

B

and to the nonlinear constraint
0:49%, i X1X2, 0:09
The initial point, which is infeasible, is
x©@ = (0:4; 0:0)7:
The optimal solution (to v e gures) is
x® = (0:41995 1:28485) ;

and F (x”) = 0.01423.The nonlinear constraint is active at the solution.

1 Program Text

Note. The listing of the example program presented below is double precision. Single precision users are referred to
Section 5.2 of the Essertial Intro duction for further information.

MODULEon_nlin_Isq_ex01_mod
I .. Implicit None Statement ..
IMPLICIT NONE
I .. Default Accessibility
PUBLIC
I .. Intrinsic  Functions
INTRINSIC KIND, PRESENT
I .. Parameters ..
INTEGER,PARAMETER wp = KIND(1.0D0)
REAL(wp), PARAMETER pt49 = 0.49 wp

CONTAINS
SUBROUTIN&bj_fun(first_call,x,finish,f,f_jac)

! .. Implicit None Statement ..
IMPLICIT NONE
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! .. Intrinsic Functions

INTRINSIC EXP

! .. Parameters ..

REAL(wp), PARAMETER eight = 8.0_wp
REAL(wp), PARAMETER one = 1.0_wp
! .. Scalar Arguments ..
LOGICAL,INTENT(INOUT) :: finish
LOGICAL,INTENT(IN) :: first_call

! .. Array Arguments ..

REAL(wp), INTENT(OUT) :: f()
REAL(wp), OPTIONAL,INTENT(INOUT) ::
REAL(wp), INTENT(IN) : x(:)

! .. Local Arrays ..

REAL(wp) :: a(44) = (/ 8.0_wp, 8.0_wp, 10.0_wp, 10.0_wp, 10.0_wp, &

f_jac(:,?)

10.0_wp, 12.0_wp, 12.0_ wp, 12.0_wp, 12.0_wp,
14.0_wp, 16.0_wp, 16.0_wp, 16.0_wp, 18.0_wp,
20.0_wp, 20.0_wp, 22.0_wp, 22.0_wp, 22.0_wp,
24.0_wp, 26.0_wp, 26.0_wp, 26.0_wp, 28.0_wp,
30.0_wp, 30.0_wp, 32.0_wp, 32.0_wp, 34.0_wp,

38.0_wp, 38.0_wp, 40.0_wp, 42.0_wp/)
| .. Executable Statements ..

f =x(1) + (ptd9-x(1))*EXP(-x(2)*(a-eight))

IF (PRESENT(f_jac)) THEN
f_jac(:,1) = one - EXP(-x(2)*(a-eight))

14.0_wp,
18.0_wp,
24.0_wp,
28.0_wp,
36.0_wp,

f_jac(:,2) = -(pt49-x(1))*(a-eight)*EXP(-x(2)*(a-eight))

ENDIF

ENDSUBROUTINGbj_fun

SUBROUTINédN_fun(first_call,x,finish,needc,con_f,con_jac)

I .. Implicit None Statement ..
IMPLICIT NONE

! .. Parameters ..

REAL(wp), PARAMETER zero = 0.0_wp
I .. Scalar Arguments ..
LOGICAL,INTENT(INOUT) :: finish
LOGICAL,INTENT(IN) :: first_call

I .. Array Arguments ..
INTEGER,INTENT(IN) : needc()
REAL(wp), INTENT(INOUT) :: con_f()
REAL(wp), OPTIONAL,INTENT(INOUT) ::
REAL(wp), INTENT(IN) : x(:)

I .. Executable Statements ..

IF (needc(1)>0) con_f(1) = -x(1)*x(2)

IF (PRESENT(con_jac)) THEN
IF (needc(1)>0) THEN

con_jac(1,1) = -x(2)
con_jac(1,2) = -x(1) + pt49
ENDIF
ENDIF

ENDSUBROUTIN&N_fun
ENDMODULEon_nlin_Isg_ex01_mod

PROGRAMNg_con_nlin_Isqg_ex01

con_jac(:,:)

I Example Program Text for nag_con_nlin_lIsq
I NAGflI90, Release 4. NAGCopyright 2000.

+ pt49*x(2)
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I .. Use Statements ..

USEnag_examples_io, ONLY: nag_std_in, nag_std_out
USEnag_con_nlin_Isg, ONLY: nag_con_nlin_Isq_sol
USEcon_nlin_Isq_ex01_mod, ONLY: con_fun, obj_fun, wp
I .. Implicit None Statement ..

IMPLICIT NONE

I .. Parameters ..

INTEGER,PARAMETER m= 44, n = 2, num_nlin_con =1
I .. Local Scalars

REAL(wp) :: obj_f

I .. Local Arrays ..

REAL(wp) :: f(m), nlin_lower(num_nlin_con), x(n), x_lower(n), y(m)
I .. Executable Statements ..

WRITE(nag_std_out,*) &

'‘Example Program Results for nag_con_nlin_Isq_ex01'

READ(nag_std_in,*) I Skip heading in data file
I Readin problem data

READ(hag_std_in,*)  x_lower

READ(nag_std_in,*)  nlin_lower

READ(nhag_std_in,*) X

READ(hag_std_in,*) vy

I Solve the problem

CALL nag_con_nlin_Isq_sol(obj_fun,x,obj_f,f,num_nlin_con=num_nlin_con, &
con_fun=con_fun,y=y,x_lower=x_lower,nlin_lower=nlin_lower)

ENDPROGRANAg_con_nlin_Isq_ex01

2 Program Data

Example Program Data for nag_con_nlin_lsg_ex01

0.40 -4.00 . X_lower
0.09 : nlin_lower
0.40 0.00 DX

049 049 048 047 048 047 046 046 045
043 045 043 043 044 043 043 046 045
042 042 043 041 041 040 042 040 0.40
041 040 041 041 040 040 040 038 041

040 040 041 038 040 040 039 0.39 Y

3 Program Results

Example Program Results for nag_con_nlin_Isgq_ex01

Parameters

[[15) SO true. [t80_char.............. true.
UNite.cieeeieee 6

subfunctions........... 44 variables.............. 2
linear constraints..... 0 nonlinear constraints.. 1
inf_bound.............. 1.00E+20 cold_start............. true.
inf_step............... 1.00E+20 eps (machine precision) 2.22E-16
step_limit............. 2.00E+00 hessian............... true.
[NP3506/4] Module 9.4: nag-con_nlin _sq 9.4.59



Example 1
major_print_level...... 10 minor_print_level.....
major_iter_lim......... 50 minor_iter_lim.........
nlin_feas_tol.......... 1.49E-08 optim_tol..............
linesearch_tol......... 9.00E-01 fun_prec..............
crash_tol.............. 1.00E-02
jt_init_hess.......... true. reset_freq.............
f deriv......ccoe.. true. con_deriv..............
cheap_test............. true. initial_X......c..e....

Verification of the constraint gradients.

The constraint  Jacobian seemsto be ok.

The largest relative  error was 2.74E-08 in constraint

Verification of the objective gradients.

The objective Jacobian seemsto be ok.

0
50

5.36E-12
8.16E-15

true.
false.

The largest relative error was 1.54E-07 in subfunction 44

<
RPRRPRRPRRRRLRRLRE3

O©CoOo~NOUAWNEROL

o

Exit from nag_con_nlin_Isq after 9 major iterations,
9 minor iterations.

Varbl State Value Lower Bound Upper Bound

vV 1 FR 0.419953 0.400000 None

vV 2 FR 1.28485 -4.00000 None

N Con State Value Lower Bound Upper Bound

N 1 LL  9.000000E-02 9.000000E-02 None

Exit nag_con_nlin_Isq_sol - Optimal solution found.

Final objective value = 0.1422983E-01

Step Merit Function Norm Gz Violtn Cond Hz
0.0E+00  7.424030E+01 0.0E+00 9.0E-02 1.0E+00
1.0E+00 2.169044E-02 6.7E-02 2.8E-17 1.0E+00
1.0E+00 2.168663E-02 6.6E-02 2.9E-10 1.0E+00
25E-01  1.853144E-02 4.6E-02 2.6E-04 1.0E+00
1.0E+00 1.439518E-02 1.7E-03 3.1E-03 1.0E+00
1.0E+00 1.422984E-02 2.4E-05 2.1E-05 1.0E+00
1.0E+00 1.422984E-02 1.7E-05 1.5E-09 1.0E+00
1.0E+00 1.422983E-02 5.3E-06 6.2E-10 1.0E+00
1.0E+00 1.422983E-02 2.5E-10 1.2E-10 1.0E+00
1.0E+00 1.422983E-02 1.5E-16 8.3E-17 1.0E+00

Lagr Mult  Slack
1.9953E-02
5.285

Lagr Mult  Slack

3.3358E-02 8.3267E-17
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Example 2: Nonlinear

(with bounds and linear constrain ts)

Example 2

least-squares Programming Problem

This is Problem 23 from Hock and Sdittk owski [11] and involvesthe minimization of the nonlinear sum

of squaresfunction
F(x) = §(X§ + X5)
subject to the bounds

i 50 - x; - 50
i 50 - xo, - 50

to the linear constraint
X1+ X2, 1,
and to the nonlinear constraints
X2+ x5, 1
X2+ x5, 9
xZi X2, O
X3 X1, O
The initial point, which is infeasible, is
x©@ = (3:0; 0:6)":
The optimal solution is

x®= (1, 1)T;

and F(x") = 1. Two nonlinear constraints are active at the solution.

1 Program Text

Note. The listing of the example program presented below is double precision.

Section 5.2 of the Essertial Intro duction for further information.

MODULEon_nlin_Isq_ex06_mod
I .. Implicit None Statement ..
IMPLICIT NONE
I .. Default Accessibility
PUBLIC
I .. Intrinsic  Functions
INTRINSIC KIND, PRESENT
I .. Parameters ..
INTEGER,PARAMETER wp = KIND(1.0DO0)
REAL(wp), PARAMETER one = 1.0_wp

CONTAINS

SUBROUTIN&bj_fun(first_call,x,finish,f,f_jac,needf)
I .. Implicit None Statement ..
IMPLICIT NONE
I .. Intrinsic Functions
INTRINSIC SIZE
! .. Parameters ..
REAL(wp), PARAMETER zero = 0.0_wp
! .. Scalar Arguments ..
LOGICAL,INTENT(INOUT) :: finish
LOGICAL,INTENT(IN) :: first_call
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I .. Array Arguments ..
INTEGER,OPTIONAL,INTENT(IN) :: needf(})
REAL(wp), INTENT(OUT) :: f(:)

REAL(wp), OPTIONAL,INTENT(INOUT) :: f jac(:,:)
REAL(wp), INTENT(IN) : x(:)

I .. Local Scalars

INTEGER: i

I .. Executable Statements ..

IF (PRESENT(needf)) THEN
DOi =1, SIZE(f)
IF (needf(i)>0) f(@i) = x(i)
ENDDO
ELSE
f =x
ENDIF

IF (PRESENT(f_jac)) THEN
IF (first_call) THEN

f jac(1,1) = one
f jac(1,2) = zero
f jac(2,1) = zero
f jac(2,2) = one
ENDIF
ENDIF

ENDSUBROUTINGbj_fun

SUBROUTINédN_fun(first_call,x,finish,needc,con_f,con_jac)

I .. Implicit None Statement ..
IMPLICIT NONE

! .. Parameters ..

REAL(wp), PARAMETER nine = 9.0_wp
REAL(wp), PARAMETER two = 2.0_wp
I .. Scalar Arguments ..
LOGICAL,INTENT(INOUT) :: finish
LOGICAL,INTENT(IN) :: first_call

I .. Array Arguments ..
INTEGER,INTENT(IN) : needc(:)
REAL(wp), INTENT(INOUT) :: con_f(:)
REAL(wp), OPTIONAL,JNTENT(INOUT) :: con_jac(:,:)
REAL(wp), INTENT(IN) : x(:)

I .. Executable Statements ..

IF (needc(1)>0) con_f(1)
IF (needc(2)>0) con_f(2)
IF (needc(3)>0) con_f(3)
IF (needc(4)>0) con_f(4)

x(1)**2  + x(2)**2
nine*x(1)**2  + x(2)**2
x(@)**2 - x(2)

x(2**2 - x(1)

IF (PRESENT(con_jac)) THEN

IF (needc(1)>0) con_jac(1,:) = two*x

IF (needc(2)>0) THEN
con_jac(2,1) two*nine*x(1)
con_jac(2,2) two*x(2)

ENDIF

IF (needc(3)>0) THEN
con_jac(3,1) = two*x(1)

IF (first_call) con_jac(3,2) = -one
ENDIF
IF (needc(4)>0) THEN

IF (first_call) con_jac(4,1) = -one

con_jac(4,2) = two*x(2)

Module 9.4: nag-con_nlin _sq
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ENDIF
ENDIF
ENDSUBROUTIN&N_fun

ENDMODULEon_nlin_lsg_ex06_mod
PROGRAMNg_con_nlin_Isg_ex06

I Example Program Text for nag_con_nlin_lIsq
I NAGflI90, Release 4. NAGCopyright 2000.

I .. Use Statements ..

USEnag_examples_io, ONLY: nag_std_in, nag_std_out

USEnag_con_nlin_Isg, ONLY: nag_con_nlin_Isq_sol_1, &
nag_con_nlin_Isqg_cntrl_init

USEnag_con_nlin_Isg_types, ONLY: nag_con_nlin_Isq_cntr_wp => &
nag_con_nlin_lsqg_cntrl_dp

USEcon_nlin_Isq_ex06_mod, ONLY: con_fun, obj fun, wp

I .. Implicit None Statement ..

IMPLICIT NONE

I .. Parameters ..

INTEGER,PARAMETER m=2, n =2, nl =1, num_nlin_con =4

I .. Local Scalars

INTEGER: i

REAL(wp) :: obj_f

TYPE(nag_con_nlin_Isq_cntrl_wp) . control

I .. Local Arrays ..

REAL(wp) :: a(nln), f(m), lin_lower(nl), nlin_lower(num_nlin_con), &

x(n), x_lower(n), x_upper(n)

I .. Executable Statements ..

WRITE(nag_std_out,*) &

‘Example Program Results for nag_con_nlin_lsq_ex06'

READ(nag_std_in,*) I Skip heading in data file

! Readin problem data
READ(nag_std_in,*)  (a(i,:),i=1,nl)
READ(nag_std_in,*)  lin_lower
READ(hag_std_in,*)  x_lower
READ(nag_std_in,*)  x_upper
READ(nag_std_in,*)  nlin_lower
READ(nag_std_in,*)  x

I Initialize control structure and set required control parameters

CALL nag_con_nlin_Isq_cntrl_init(control)

control%major_iter_lim =25

control%minor_iter_lim =10

control%step_limit = 5.0_wp

control%initial_x = .TRUE.

I Solve the problem
CALLnag_con_nlin_Isg_sol_1(obj_fun,x,obj_f,f,num_nlin_con=num_nlin_con , &
con_fun=con_fun,x_lower=x_lower,x_upper=x_upper.lin_lower=lin_lower , &

a=a,nlin_lower=nlin_lower,control=control)

ENDPROGRAMg_con_nlin_lsg_ex06
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2 Program Data

Example Program Data for nag_con_nlin_Isq_ex06
1.0 1.0

1.0
-50.0 -50.0
50.0 50.0
1.0 9.0 0.0 0.0
3.0 0.6

3 Program Results

Example Program Results for nag_con_nlin_lsg_ex06

Parameters

151 PR true. [t80_char..............
UNit..eeeeeeeiiee. 6

subfunctions........... 2 variables..............
linear constraints..... 1 nonlinear constraints..
inf_bound.............. 1.00E+20 cold_start.............
inf_step............... 1.00E+20 eps (machine precision)
step_limit............. 5.00E+00 hessian................
major_print_level...... 10 minor_print_level......
major_iter_lim......... 25 minor_iter_lim.........
lin_feas_tol........... 1.49E-08 crash_tol..............
nlin_feas_tol.......... 1.49E-08 optim_tol..............
linesearch_tol......... 9.00E-01 fun_prec...............
jti_init_hess.......... true. reset_freg.............

f deriv.....ueeeee.... true. con_deriv..............
cheap_test............. true. initial_X..............
Verification of the constraint gradients.

The constraint  Jacobian seemsto be ok.

The largest relative error was 3.25E-08 in constraint

Verification of the objective gradients.

The objective Jacobian seemsto be ok.

The largest relative error was 1.34E-10 in subfunction
Maj Mnr Step Merit Function Norm Gz Violtn Cond Hz
0 2 0.0E+00 6.642581E+00 0.0E+00 8.8E+00 1.0E+00
1 1 1.0E+00 2.882568E+00 2.2E+00 1.4E+00 1.0E+00
2 1 1.0E+00 2.279671E+00 0.0E+00 1.4E+00 1.0E+00
9.4.64 Module 9.4: nag-con_nlin _sq
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nlin_lower
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N

true.
2.22E-16
true.

0
10

1.00E-02
5.36E-12
8.16E-15

2

true.
true.
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3 0 1.0E+00 1.072307E+00 0.0E+00 2.6E-01 1.0E+00
4 0 1.0E+00 1.000912E+00 0.0E+00 2.4E-02 1.0E+00
5 0 1.0E+00 1.000000E+00 0.0E+00 3.4E-04 1.0E+00
6 0 1.0E+00 1.000000E+00 0.0E+00 7.6E-08 1.0E+00
7 0 1.0E+00 1.000000E+00 0.0E+00 4.0E-15 1.0E+00

Exit from nag_con_nlin_Isq after 7 major iterations,
4 minor iterations.

Varbl State Value Lower Bound Upper Bound Lagr Mult
v 1 FR  1.00000 -50.0000 50.0000

vV 2 FR  1.00000 -50.0000 50.0000

L Con State Value Lower Bound Upper Bound Lagr Mult
L 1 FR  2.00000 1.00000 None

N Con State Value Lower Bound Upper Bound Lagr Mult
N 1 FR  2.00000 1.00000 None

N 2 FR  10.0000 9.00000 None .

N 3 LL  3.108624E-15 . None 1.000

N 4 LL  2.442491E-15 . None 1.000
Exit nag_con_nlin_Isq_sol_1 - Optimal solution found.

Final objective value = 1.000000
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Additional Examples

Not all exampleprogramssupplied with NAG fl 90 appearin full in this module documert. The following
additional examples,assaiated with this module, are available.

nag.con_nlin _Isq _ex02
Solvesa nonlinear least-squaresprogramming problem with bounds and linear constraints.

nag.con_nlin _Isq _ex03

Solves a nonlinear least-squaresprogramming problem in which there are no bounds or linear
constraints.

nag-con_nlin _Isq _ex04
Solvesan unconstrained non-linear least-squaresproblem.

nag-con_nlin _Isq _ex05
Solvesa nonlinear least-squaresprogramming problem with bounds but no linear constraints.

nag.con_nlin _Isq _ex07

Solves a nonlinear least-squaresprogramming problem in which there are no bounds or linear
constraints.

nag.con_nlin _Isq _.ex08
Solvesan unconstrained non-linear least-squaresproblem.
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Mathematical Background

1 Overview

nag.con_nlin _Isq _sol and nag.con_nlin _Isq _sol _1 are basedon the procedure NPSOL described in
Gill et al. [6], which implements a sequetial quadratic programming (SQP) method. For an overview
of SQP methods, seefor example, Fletcher [4], Gill et al. [10] and Powell [13].

At a solution of

8 9
Xn < X =

minimnize F(x) = % (fi(x)i vi)? subjectto |- A x - u; (5)
x2R i=1 " o(x)’

someof the constraints will be active, i.e., satis ed exactly. An active simple bound constraint implies
that the corresponding variable is "xed at its bound, and hencethe variables are partitioned into "xed
and free variables. Let C denotethe m by n matrix of gradients of the active generallinear and nonlinear
constraints. The number of xed variableswill be denotedby n, , with nzx (n;x = nj ng ) the number
of free variables. The subscripts 'FX' and "FR' on a vector or matrix will denote the vector or matrix
composedof the elemerts corresponding to xed or free variables.

A point x is a a rst-or der Kuhn{T ucker point for (5) (seePowell [12]) if the following conditions hold:
(@) x is feasible;
(b) there exist vectors» and , (the Lagrange multiplier vectors for the bound and geneal constraints)
sud that
g=CT, +» Q)
where g is the gradient of F evaluated at x, and » = 0 if the jth variable is free.

(c) The Lagrange multiplier corresponding to an inequality constraint active at its lower bound must
be non-negative, and non-positive for an inequality constraint active at its upper bound.

Let Z denote a matrix whosecolumns form a basisfor the set of vectors orthogonal to the rows of C ;
i.e.,, Cx Z = 0. An equivalert statemert of the condition (6) in terms of Z is

ZTgFR =0

The vector Z" g.. is termed the projected gradient of F at x. Certain additional conditions must be
satis ed in order for a rst-order Kuhn{T ucker point to be a solution of (5) (seePowell [12]).

The basic structure of nag.con_nlin _Isq _sol and nag.con_nlin _Isq _sol _1 involves major and minor
iterations. The major iterations generatea sequenceof iterates f x, g that corvergeto x°, a rst-order
Kuhn{T ucker point of (5). At a typical major iteration, the new iterate % is de ned by

X =Xx+ ®p; (1)

wherex is the current iterate, the non-negative scalar ® is the step length, and p is the search direction.
(For simplicity, we shall always consider a typical iteration and avoid referenceto the index of the
iteration.) Also assciated with ead major iteration are estimates of the Lagrange multipliers and a
prediction of the active set.

The seard direction p in (7) is the solution of a quadratic programming subproblem of the form

8 9
< p =

minirr)nize g'p+ ip"Hp subjectto t-  Ap. - g (8)
© A

where g is the gradient of F at x, the matrix H is a positive de nite quasi-Newton approximation to
the Hessianof the Lagrangian function (see Section 4), and A, is the Jacobian matrix of ¢ evaluated
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at x. (Finite di®erenceestimates may be usedfor g and A, ; seethe optional parametersf _deriv and
con_deriv in Section 3.2 of the appropriate proceduredocumert.) Let | in (5) be partitioned into three
sections: g, I, and |, corresponding to the bound, linear and nonlinear constraints. The vector f in (8)
is similarly partitioned, and is de ned as

fe=lix b=1LiAx andh=Iic

where c is the vector of nonlinear constraints evaluated at x. The vector 4 is de ned in an analogous
fashion.

The estimated Lagrange multipliers at ead major iteration are the Lagrange multipliers from the
subproblem (8) (and similarly for the predicted active set). (The numbers of bounds, generallinear and
nonlinear constraints in the QP active setare the quartities Bnd Lin and NIn in the printed output.) The
subproblem (8) is solved using proceduresderived from LSSOL described in Gill et al. [5]. Sincesolving
a quadratic program is itself an iterative procedure, the minor iterations of nag_con_nlin _Isq _sol
and nag.con_nlin _Isq _sol _1 are the iterations within this process. (More details about solving the
subproblem are given in Section2.)

Certain matrices assaiated with the QP subproblem are relevant in the major iterations. Let the
subscripts "FX' and "FR' refer to the predicted xed and free variables, and let C denote the m by n
matrix of gradients of the generallinear and nonlinear constraints in the predicted active set. First, we
have available the TQ factorization of C; :

Cw QFR = (0 T); (9)

where T is a non-singular m by m reverse-triangular matrix (i.e., t; = 0if i + j < m), and the non-
singular n; by n; matrix Qg isthe product of orthogonal transformations (seeGill et al. [7]). Second,
we have the upper triangular Cholesky factor R of the transformead and re-ordered Hessianmatrix

R'TR=Ho QTHQ; (10)

where H is the HessianH with rows and columns permuted sothat the free variablesare rst, and Q is

the n by n matrix

H 1
QFR

Q= ; (11)

I'ex

with |, the identity matrix of order n., . If the columnsof Q; are partitioned so that

Qw = (Z Y);

the nz (nz © nk i m) columnsof Z form a basisfor the null spaceof C.; . The matrix Z is usedto
compute the projected gradiert Z" g, at the current iterate. (The valuesof n; and the norms of g
and Z" g are the quantities Nz Norm Gf and Norm Gzin the printed output.)

A theoretical characteristic of SQP methods is that the predicted active set from the QP subproblem (8)
is identical to the correct active setin a neighbourhood of x”. This feature is exploited by using the QP
active setfrom the previousiteration asa prediction of the active set for the next QP subproblem, which
leadsin practice to optimality of the subproblemsin only one iteration asthe solution is approaced.
Separatetreatment of bound and linear constraints also saves computation in factorizing C, and Hg.

Once p has been computed, the major iteration proceedsby determining a step length ® that
producesa “suzcient decrease'in an augmened Lagrangian merit function (see Section 3). Finally,
the approximation to the transformed Hessian matrix Hgq is updated using a modied BFGS
(Broyden{Fletcher{Goldfarb{Shanno) quasi-Newtonupdate (seeSection4) to incorporate new curvature
information obtained in the move from x to %.

Starting from the user-provided initial point, an iterative procedure is executed to nd a point
that is feasible with respect to the bounds and linear constraints (using the tolerance speci ed
by control%lin _feas _tol ; seethe type de nition for nag.con.nlin _Isq cntrl _wp). If no feasible
point exists for the bound and linear constraints, (5) has no solution and termination occurs with

error%code = 202 (no feasible point was found for the linear constraints and bounds). Otherwise,
the problem functions will thereafter be evaluated only at points that are feasible with respect to
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the bounds and linear constraints. The only exception involves variables whose bounds di®er by an
amourt comparableto the nite di®erenceinterval (seethe discussionof control%diff _int in the type
de nition for nag_.con_nlin _Isq _cntrl _wp). In contrast to the boundsand linear constraints, it must be
emphasisedhat the nonlinear constraints will not generlly be satis ed until an optimal point is reached.

Facilities are provided to ched whether the user-provided Jacobians appear to be correct (see the
discussionof control%cheap _test , control%obj _verify and control%con _verify in the typede nition
for nag_con_nlin _Isq _cntrl _wp). In general,the ched is provided at the rst point that is feasiblewith
respect to the linear constraints and bounds. However, you may requestthat the ched be performed at
the initial point.

In summary, the method of nag_con_nlin _Isq _sol and nag.con_nlin _Isq _sol _1 rst determinesa point
that satis es the bound and linear constraints. Thereafter, ead iteration includes:
(a) the solution of a quadratic programming subproblem (see Section 2);

(b) alineseart with an augmerted Lagrangian merit function (seeSection 3); and

(c) a quasi-Newton update of the approximate Hessianof the Lagrangian merit function (seeSection
4).

2 Solution of the Quadratic Programming Subproblem

The seart direction p is obtained by solving (8) using proceduresderived from LSSOL described in Gill
et al. [5], which wasspeci cally designedto be usedwithin an SQP algorithm for nonlinear programming.

The method used by nag.con.nlin _Isq _sol and nag.con_nlin Isq _sol 1 is a two-phase (primal)
guadratic programming method. The two phasesof the method are: "nding an initial feasible point
by minimizing the sum of infeasibilities (the feasibility phasé, and minimizing the quadratic objective
function within the feasible region (the optimality phasg. The computations in both phasesare
performed by the same procedures. The two-phasenature of the algorithm is re°ected by changing
the function being minimized from the sum of infeasibilities to the quadratic objective function.

In general, a quadratic program must be solved by iteration. Let p denote the current estimate of the
solution of (8); the new iterate p is de ned by

p=p+ ¥, (12)
where, asin (7), %is a non-negative step length and d is a seard direction.

At the beginning of ead iteration of the procedure, a working setis de ned of constraints (general and
bound) that are satis ed exactly. The vector d is then constructed sothat the valuesof the constraints
in the working set remain unaltered for any move along d. For a bound constraint in the working set,
this property is achieved by setting the corresponding elemen of d to zero, i.e., by "xing the variable at
its bound. As before, the subscripts 'FX' and "FR' denote selectionof the elemers assaiated with the
“xed and free variables.
Let C denotethe sub-matrix of rows of
1
H A,
Ax

corresponding to general constraints in the working set. The general constraints in the working set will
remain unaltered if

CFR dFR = 0; (13)
which is equivalert to de ning d-; as
dFR = ZdZ (14)

for somevector dz, where Z is the matrix assaiated with the TQ factorization (9) of Cr: .
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The de nition of d; in (14) dependson whether the current p is feasible. If not, d; is zeroexceptfor an
elemen ° in the jth position, wherej and ° are chosensothat the sum of infeasibilities is decreasing
along d. (For further details, seeGill et al. [5].) In the feasiblecase,d; satis es the equations

RIRzdz = | ZT G ; (15)

where Ry is the Cholesky factor of ZTH.. Z and q is the gradiernt of the quadratic objective function
(q= g+ Hp). (The vector Z" g is the projected gradiert of the QP.) With (15), p+ d is the minimizer
of the quadratic objective function subject to treating the constraints in the working set as equalities.

If the QP projected gradient is zero, the current point is a constrained stationary point in the sub-space
de ned by the working set. During the feasibility phase,the projected gradiert will usually be zeroonly
at a vertex (although it may vanish at non-verticesin the presenceof constraint dependencies).During
the optimality phase,a zeroprojected gradiert implies that p minimizes the quadratic objective function
when the constraints in the working set are treated as equalities. In either case,Lagrange multipliers
are computed. Given a positive constart + of the order of EPSILONL:0_.wp), the Lagrange multiplier * ;
corresponding to an inequality constraint in the working set at its upper bound is said to be optimal
if 1; - *whenthe jth constraint is at its upper bound, or if *; | j * when the asswiated constraint
is at its lower bound. If any multiplier is non-optimal, the current objective function (either the true
objective or the sum of infeasibilities) can be reducedby deleting the corresponding constraint from the
working set.

If optimal multipliers occur during the feasibility phaseand the sum of infeasibilities is non-zero, no
feasible point exists. The QP algorithm will then cortinue iterating to determine the minimum sum of
infeasibilities. At this point, the Lagrange multiplier *; will satisfy j (1+ %) - ; - *for an inequality
constraint at its upper bound,andj £- ; - (1+ %) for aninequality at its lower bound. The Lagrange
multiplier for an equality constraint will satisfy j*;j - 1+ +

The choice of step length %in the QP iteration (12) is basedon remaining feasiblewith respect to the
satis ed constraints. During the optimality phase,if p+ d is feasible, %2 will be taken as unity. (In
this case,the projected gradient at p will be zero.) Otherwise, %is setto %, the step to the “nearest'
constraint, which is addedto the working set at the next iteration.

Each changein the working set leadsto a simple changeto C : if the status of a general constraint
changes,a row of C, is altered; if a bound constraint ernters or leavesthe working set, a column of C.
changes. Explicit represetations are recurred of the matrices T, Q.. and R, and of the vectors QT q
and Q' g.

3 The Merit Function

After computing the seard direction as described in Section 2, ead major iteration proceeds by
determining a step length ® in (7) that producesa “suzcient decrease'in the augmerted Lagrangian
merit function

X X
LG9 =F()i L@ s)+ 3 %(@X)i s)% (16)

| I
where x; , and s vary during the linesearch. The summation terms in (16) involve only the nonlinear
constraints. The vector , is an estimate of the Lagrange multipliers for the nonlinear constraints of
(5). The non-negative slack variables f s;g allow nonlinear inequality constraints to be treated without
intro ducing discortin uities. The solution of the QP subproblem (8) provides a vector triple that serves
as a direction of seart for the three setsof variables. The non-negative vector ¥20f penalty parameters
is initialized to zero at the beginning of the rst major iteration. Thereafter, selectedelemeris are
increasedwhene\er necessaryto ensuredescen for the merit function. Thus, the sequenceof norms of
Y% (the quantity Penalty in the printed output) is generally non-decreasing,although each % may be

reduceda limited number of times.

The merit function (16) and its global convergenceproperties are described in Gill et al. [9].
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4 The Quasi-Newton Up date

The matrix H in (8) is a positive de nite quasi-Newtonapproximation to the Hessianof the Lagrangian
function. (For a review of quasi-Newton methods, seeDennis Jr and Schnabel [3].) At the end of each
major iteration, a new Hessianapproximation H is de ned as a rank-two modi cation of H (using the
BFGS quasi-Newton update):

H=H,;

1
HssTH + T. 17
STHs o> yTsyy ’ (17

wheres = X j x (the changein x).

Note that H is required to be positive denite. If H is positive denite, H dened by (17) will be positive
denite if and only if y's is positive (seeDennis Jr and Mor& [1]). Ideally, y in (17) would be taken as
yL, the changein gradient of the Lagrangian function

yL:gi AI]-NE g+A.;\I;lN; (18)

where !, denotesthe QP multipliers assaiated with the nonlinear constraints of the original problem.
If y s is not suciently positive, an attempt is madeto perform the update with a vector y of the form

X
y=y+ li@®a®)i ax)ex);

where!; . 0. If no sud vector can be found, the update is performed with a scaledy, ; in this casean
Mis printed to indicate that the update was modi ed.

Rather than modifying H itself, the Cholesky factor of the transformed Hessian Hg (10) is updated,
where Q is the matrix from (9) assiated with the active set of the QP subproblem. The update (17)
is equivalent to the following update to Hqg:

1 1
HoSosgHo + —r—YaYos (19)

Ho=Hoi ————
Q Q ngQsQ ¥5SQ

whereyq = Q'y, and Sq = Q's. This update may be expressedas a rank-one update to R (seeDennis
Jr and Schnabel [2)).

[NP3506/4] Module 9.4: nag-con_nlin _sq 9.4.73



References Optimization

References

[1] DennisJ E Jr and Mor& J J (1977) Quasi-Newton methods, motivation and theory SIAM Rev. 19
46{89

[2] Dennis J E Jr and Schnabel R B (1981) A new derivation of symmetric positive-de nite secan
updates Nonlinear Programming (ed O L Mangasarian,R R Meyer and S M Robinson) 4 Academic
Press167{199

[3] Dennis J E Jr and Schnabel R B (1983) Numerical Methods for Unconstrained Optimization and
Nonlinear Equations Prentice-Hall

[4] Fletcher R (1987) Practical Methods of Optimization Wiley (2nd Edition)

[5] Gill P E, Hammarling S, Murray W, SaundersM A and Wright M H (1986) User's guide for LSSOL
(Version 1.0) Report SOL 86-1 Department of Operations Researt, Stanford University

[6] Gill P E, Murray W, SaundersM A and Wright M H (1986) User's guide for NPSOL (Version 4.0)
Report SOL 86-2 Department of Operations Researt, Stanford University

[7] Gill P E, Murray W, SaundersM A and Wright M H (1984) User's guide for SOL/QPSOL version
3.2 Report SOL 84{5 Department of Operations Researt, Stanford University

[8] Gill P E, Murray W, SaundersM A and Wright M H (1984) Proceduresfor optimization problems
with a mixture of bounds and generallinear constraints ACM Trans. Math. Software 10 282{298

[9] Gill P E, Murray W, SaundersM A and Wright M H (1986) Some theoretical properties of an
augmerted Lagrangian merit function Report SOL 86{6R Department of Operations Researt,
Stanford University

[10] Gill P E, Murray W and Wright M H (1981) Practical Optimization Academic Press

[11] Hock W and Sdhittk owski K (1981) Test Examplesfor Nonlinear Programming Codes. Lecture Notes
in Economics and Mathematical Systems187 Springer-Verlag

[12] Powell M J D (1974) Introduction to constrained optimization Numerical Methods for Constrained
Optimization (ed P E Gill and W Murray) Academic Press1{28

[13] Powell M J D (1983) Variable metric methods in constrained optimization Mathematical
Programming: The State of the Art (ed A Bachem, M GrAtschel and B Korte) Springer-Verlag
288{311

9.4.74 Module 9.4: nag-con_nlin _sq [NP3506/4]



