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Module 13.3: nag_pde_parab_1d

Parabolic Partial Differential Equations
in One Space Variable

nag _pde_parab_1d provides procedures for the solution of linear or nonlinear parabolic
partial differential equations (PDESs), in one space variable with optional scope for coupled
ordinary differential equations (ODEs). The spatial discretisation is performed using
either a Chebyshev C° collocation method or finite differences, and optional automatic
adaptive spatial remeshing. The module also provides procedures for the interpolation
of the solution obtained using these two methods.
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Introduction

This module provides two procedures nag_pde_parab_1d_fd and nag_pde_parab_1d_coll , for solving
parabolic equations in one-dimensionalspace. It also provides two proceduresnag_pde_interp _1d_fd
and nag_pde_interp _1d_coll , for interpolation of the solutions and derivativesat a set of user-sgeci ed
points.

The procedures nag_pde_parab_1d.fd and nag_pde_parab_1d_coll solwe systems of parabolic (and
possibly elliptic) equations:

@
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wherei = 1;2;:::;n, a < x < b, with t > tg and n is the number of PDEs. There is optional scope to
include coupled di®erertial algebraic systems:
@* @ @u*
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wherei = 1;2;:::;p, a < x < b, with t > to and p is the number of ODEs. The rst equation de nes
the PDE part and the secondone generalizeshe coupled ODE part of the problem. The PDE part may
include non-linear terms, but the time derivatives should occur linearly and a secondorder derivative
should normally be presen. The proceduresin this module can handle Cartesian, cylindrical polar and
spherical polar coordinate systems. The procedure nag_pde_parab_1d_fd usesa nite di®erencespatial
discretisation while nag_pde_parab_1d_coll usescollocation.

)=0;

In the secondequation, » represetts a vector of n, spatial coupling points at which the ODEs are coupled

to the PDEs. Thesepoints may or may not be equalto someof the PDE spatial meshpoints. U™, %
* u* . U . .
R* @r and @ are the functions U, @ R @ and @; evaluated at these coupling points.

Each 9 may on%c%epend linearly on time %rivative%. Hencethe coupled ODE part of the equations

may be written more precisely as:

- U Y.
F—G—A\L—B(U;t )

and the ertries in G, A and B may dependont, », U*, @ and V. In practice the useronly needsto

supply a vector of information to de ne the ODEs and not the matrices A and B. (SeeSection 3.2 for
the speci cation of the optional user-suppliedprocedure ode_coef).

This extendedfunctionality allows for the solution of more complex and more generalproblems, such as
problems with periodic boundary conditions or integro-di®eretial equations.

The procedurenag_pde_parab_1d_fd alsoallows spatial remeshing. This facility can be very usefulwhen
the nature of the solution in the spatial direction varies considerably over time.

In their “rst call the proceduresnag pde_parab_1d_fd and nag_pde_parab_1d_coll compute and store
a structure of the derived type nag_pde_parab_1d_comnwp. This structure can then be passedto a
subsequen call to those proceduresrespectively.

The procedurenag_pde_interp _1d_fd is an interpolation procedurefor evaluating the solution and rst
spatial derivative of a systemof partial di®erertial equations(possibly with coupledordinary di®erertial
equations)at a setof user-speci ed points. The solution must have beencomputed usinga nite di®erence
scheme, for example using nag_pde_parab _1d_fd .

The procedure nag pde.interp _1d_coll performs the same function for a solution obtained using
nag_pde_parab_1d_coll .

Finally the procedure nag pde parab_1d.cntrl _init assignsdefault valuesto all the componerts of
a structure of the derived type nag_pde_parab_1d_cntrl _wp, which may be usedto supply optional
parametersto nag_pde.interp _1d_fd and nag_pde.interp _ld_coll .
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Procedure: nag_pde_parab_1d_fd

1 Description

nag_pde_parab_1d_fd integratesa systemof n linear or nonlinear parabolic partial di®ererial equations
(PDEs), and optionally coupled ODEs, in one spacevariable:

ZPM% £ Qi=x - ZamRy); i = L2n; a<x bt o 1)
= @
- Us .
F=G-AVL-B( . |; )
Umt

where (1) de nesthe PDE part which is discretisedover a set of n,, meshpoints, and (2) generalizesthe
coupled system of p ODEs which is discretised over a set of n. coupling points at which the ODEs are
coupledto the PDEs. Thesepoints may or may not be equalto someof the PDE spatial meshpoints.

In (1), P;; and R; depend on x, t, U, @ and V; Q; dependson x, t, U, % V and linearly on \..

The vector U is the set of PDE solution values

and the vector % is the partial derivative with respect to x. The vector V is the set of ODE solution
values

and the ertries in G, A and B may dependont, » U*, ——, and V. » represerts the vector of the n,
spatial coupling points and U*, @ , R™, @ , and Qu are the functions U, @ R, % and gié

evaluated at these coupling points. (Seethe Module Intro duction for more details.)

In practice the useronly needsto supply a vector of information to de ne the ODEs and not the matrices
A and B. (SeeSection 3.2 for the speci cation of the optional user-suppliedprocedure ode_coef).

The spatial discretisation is performed using nite di®erencespptionally with automatic adaptive spatial
remeshing;and the method of lines is employed to reducethe PDEs to a systemof ODEs. The resulting
systemis solved using a Backward Di®erertiation Formula (BDF) method or a Theta method (switching
betweenNewton's method and functional iteration). The integration in time is from tq to t,,,, over the
spaceinterval a < x < b, wherea = x; and b= x,, are the leftmost and rightmost points of a mesh

according to user-sgeci ed criteria. The co-ordinate systemin spaceis de ned by the following values
of m; m = 0 for Cartesian co-ordinates,m = 1 for cylindrical polar co-ordinatesand m = 2 for spherical
polar co-ordinates.

The PDE systemwhich is de ned by the functions P; ;, Q, and R, must be speci ed in the user-supplied
procedure pde_coef. The initial (t = tg) valuesof the functions U(x;t) and V (t) must be speci ed in
a procedureinit _value supplied by the user. Note that init _value will be called again following any
initial remeshing,and so U(x; tg) should be speci ed for all valuesof x in the interval a < x < b, and
not just the initial mesh points. The functions R; which may be thought of as °uxes, are also usedin
the de nition of the boundary conditions. The boundary conditions must be speci ed in a procedure
bound.cond provided by the userand must have the form:

TOGHR G E U U V) = 0t U U VD) T = L2 3
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wherex = a or x = b. The function °; may depend linearly on \.. The algebraic-di®eretial equation
systemwhich is de ned by the functions F; must be speci ed in the user-supplied procedure ode_coef
(SeeSection 3.2 and the Further Commerts sectionsfor more details).

Seweral options are available for controlling the operation of this procedure, for example the level of
printed output and algorithmic parameters, such as integration method and order, etc.. These options
are grouped together in the optional argumert control , which is a structure of the derived type
nag_pde_parab_1d_cntrl _wp.

The problem asde ned by (1), (2) and (3) is subject to someadditional constraints. For details seethe
Further Commerts section.

2 Usage

USEnag_pde_parab_1d

CALLnag pde_parab_1d_fd(pde _coef, boundcond, init _value, t start, t_end, x_pde, &
u [, optional argumerts])

3 Arguments

Note. All array arguments are assumed-shape arrays. The extent in each dimension must be exactly that required by
the problem. Notation such as ‘x(n)’ is used in the argument descriptions to specify that the array x must have exactly n
elements.

This procedure derives the values of the following problem parameters from the shape of the supplied
arrays.
n, >3 | (= SIZE(x_pde)) the number of PDE mesh points in the interval [a; b];

ng >0 | (0 or SIZE(x_ode) if presert) the number of ODE/PDE coupling points, if p = 0 then
ne = 0andif p> 0then ng > 0;

0<n;y;<n,—2] (0orSIZE(xfix) if presert) the number of xed PDE meshpoints;
p>0 | the number of coupled ODE (seethe optional argumert numode);
n>1| the number of PDEs in the system(SIZE(u) = n x n, + p).

3.1 Mandatory Arguments

pde_coef | subroutine
The procedure pde_coef, supplied by the user, must compute the functions P; ;, Q; and R; which

de ne the system of PDEs asin equation (1). The functions may depend on x, t, U, @ and V.

Q; may depend linearly on \.. The procedurepde_coef is called approximativ ely midway between
ead pair of meshpoints in turn by nag pde_parab_1d_fd.

Its speci cation is:

subroutine pde_coef(t, x, u, dudx, p, g, r, finish, v, vdot, i_comm,r_comm)

real(kind= wp), intent(in)  : t
Input: the current value of the independert variable t.
real(kind= wp), intent(in) X
Input: the current value of the spatial variable x.
real(kind= wp), intent(in) Doou(d)
Shape: u has shape (n).
Input: u(i) cortains the value of the componert U;(x; t), fori = 1;2;:::;n.
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real(kind= wp), intent(in) :  du.dx(:)
Shape: du_dx has shape (n).

Input: du_dx(i) corntains the value of the componert %(x; t), fori=1;2;:::;n.
real(kind= wp), intent(out) 1 p(::)

Shape: p hasshape (n; n).

Output: p(i; j) must be setto the valuesof P, ;(x; t; U; @;V), fori;j = 1,2:::;n.

@
real(kind= wp), intent(out) :  q(3)
Shape: g has shape (n).
Output: q(i) must be setto the valuesof Q;(x; t; U; %;V; \L), fori=1;2;:::;n.
real(kind= wp), intent(out) ()
Shape: r has shape (n).
Output: r (i) must be setto the valuesof R;(x; t; U; %;V), fori=1;2;:::;n.
integer, intent(out) o finish
Output: the user may usefinish to cortrol the integration procedure as follows:
if finish = 1 or —1, indicates normal exit from the user supplied procedure;
if finish = 2, indicates to the integrator that cortrol should be passed

badk immediately to the calling (sub)program with the error indicator set to
error%code = 205;

if finish = 3, indicates to the integrator that the current time step should be
abandoned and a smaller time step used instead. The user may wish to set
finish = 3whena physically meaninglessnput or output value hasbeengenerated.
If the user consecutiwely setsfinish = 3, then nag_pde_parab _1d_fd returns to the
calling (sub)program with the error indicator setto error%code = 203;

if finish = any value other than 1, —1, 2 or 3, indicates an abnormal exit from
the user supplied procedure,and returns to the calling (sub)program with the error
indicator setto error%code = 207.

real(kind= wp), intent(in), optional 1 v(3)
Shape: v has shape (p).
Input: v(i) cortains the value of the component V;(t), fori = 1;2;:::;p.

real(kind= wp), intent(in), optional ::  wvdot( 3)
Shape: vdot has shape (p).
Input: vdot (i) contains the value of the componert \4(t), fori = 1;2;:::;p.
Note: \4(t) for i = 1;2;:::;p may only appear linearly in Q;, forj = 1;2;:::;n.

integer, intent(in), optional : i_commj)

real(kind= wp), intent(in), optional 1 r_commy)
Input: you are free to usethese arrays to supply information to this procedure from the
calling (sub)program.

bound _cond | subroutine
The procedure bound.cond, supplied by the user, must compute the functions ~; and °; which
de ne the boundary conditions asin equation (3).
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Its speci cation is:

subroutine boundcond(t, u, du.dx, bound, beta, gamma,finish, v, vdot, &
i .comm,r_comm)

real(kind= wp), intent(in) : t
Input: the current value of the independert variable t.

real(kind= wp), intent(in) aoou(y)
Shape: u has shape (n).
Input: u(i) cortains the value of the componert U;(x;t) at the boundary speci ed by
bound fori = 1;2;:::;n.
real(kind= wp), intent(in) w dudx(:)
Shape: du_dx has shape (n).
@;
@

Input: du_dx(i) contains the value of the componert (x; t) at the boundary speci ed

by bound fori = 1;2;:::;n.

integer, intent(in) ' bound
Input: determines the position of the boundary conditions. If bound = 0, then the
procedure bound.cond must set up the coexcients of the left-hand boundary x = a. Any
other value of bound indicates that the procedurebound.cond must set up the coezcients
of the right-hand boundary x = b.

real(kind= wp), intent(out) 0 beta(:)
Shape: beta has shape (n).
Output: beta (i) must be set to the valuesof ~;(x; t) at the boundary speci ed by bound,
fori=1;2;:::;n.

real(kind= wp), intent(out) : gammayj

Shape: gammadas shape (n).

Output: gamm@) must be setto the valuesof °;(x; t; U; @;V; \/) at the boundary speci ed

by bound, fori = 1;2;:::;n. @

integer, intent(out) ::  finish
Output: the user may usefinish to cortrol the integration procedure as follows:

if finish = 1 or —1, indicates normal exit from the user supplied procedure;
if finish = 2, indicates to the integrator that cortrol should be passed
badk immediately to the calling (sub)program with the error indicator set to
error%code = 205;
if finish = 3, indicates to the integrator that the current time step should be
abandoned and a smaller time step used instead. The user may wish to set
finish = 3 whena physically meaninglessnput or output value hasbeengenerated.
If the user consecutiwely setsfinish = 3, then nag_pde_parab _1d_fd returns to the
calling (sub)program with the error indicator setto error%code = 203;
if finish = any value other than 1, —1, 2 or 3, indicates an abnormal exit from
the user supplied procedure,and returns to the calling (sub)program with the error
indicator setto error%code = 207.

13.3.8
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real(kind= wp), intent(in)  :  v(:)
Shape: v has shape (p).
Input: v(i) contains the value of the componert V;(t), fori = 1,2;:::;p.

real(kind= wp), intent(in) o vdot( 2)
Shape: vdot has shape (p).
Input: vdot (i) contains the value of the componert \4, fori = 1;2;:::;p.
Note: \4(t) for i = 1;2;:::;p may only appear linearly in °;, forj = 1;2;:::;n.

integer, intent(in), optional :: i _commj)
real(kind= wp), intent(in), optional : r_commj)

Input: you are free to usethese arrays to supply information to this procedure from the
calling (sub)program.

init _value | subroutine

The procedureinit _value, supplied by the user, must supply the initial (t = tg) valuesof U(x; t)
and V (t) for all valuesof x in the interval a < x <h.

Its speci cation is:

subroutine init _value(x _pde, u, x_ode, v, i _comm,r _comm)

real(kind= wp), intent(in) :  x_pde(:)
Shape: x_pde has shape (n,).
Input: the current mesh. x_pde(i) cortains the value of the x; fori = 1;2;:::;n,,.

real(kind= wp), intent(out) moou(sn)
Shape: x_pde has shape (n; n,).

Output: u(i; j) must cortain the value of componert U;(x;;to), for i = 1;2;:::;n and
=120,

real(kind= wp), intent(in), optional ::  x_ode(:)
Shape: x_ode has shape (n¢).
Input: x_ode(i) cortains the value of the ODE/PDE coupling point, »;, fori = 1;2;:::;ne.

real(kind= wp), intent(out), optional 1 v(:)
Shape: v has shape (p).
Output: v(i) must contain the value of componert V;(tp), fori = 1;2;:::;p.

integer, intent(in), optional : i _commj)
real(kind= wp), intent(in), optional : r_commj)

Input: you are free to usethese arrays to supply information to this procedure from the
calling (sub)program.

t_start | real(kind=wp), intent(inout)
Input: the initial value ty of the independert variable t.
Output: the value of t corresponding to the solution value U. Normally t _start = t _end on exit.
Constraints: t _start < t_end.

[NP3506/4] Module 13.3: nag_pde_parab_1d 13.3.9



nag_pde_parab_1d_fd Partial Differential Equations (PDE’s)

t_end | real(kind=wp), intent(in)
Input: the "nal value of t to which the integration is to be carried out.

x_pde(n,) | real(kind=wp), intent(inout)
Input: theinitial meshpoints in the spatial direction. x_pde(1) must specify the left-hand boundary,
a, and x_pde(n,) must specify the right-hand boundary, b.
Output: the "nal valuesof the meshpoints.
Constraints: x_pde(1) < x_pde(2) < --- < x_pde(n,).

u(n xn,+ p) | real(kind= wp), intent(inout)
Input: u(n x (j — 1)+ i) contains the computed solution U;(x;;t), for i = 1;2;:::;n and
j = L,2::,n,, and u(n x n, + k) cortains Vi(t), for k = 1;2;:::;p; evaluated on a previous
call to the procedure. The userdoesnot needto initialialise u at the very rst call of the procedure.
Output: u(n x (j — 1) + i) contains the computed solution U;(x;;t), for i = 1;2;:::;n and
j = 1,2:::;n,, while u(n x n, + k) contains Vi(t), for k = 1;2;:::;p; evaluated at the output
valueof t = t _start .

3.2 Optional Arguments

Note. Optional arguments must be supplied by keyword, not by position. The order in which they are described below
may differ from the order in which they occur in the argument list.

“rst _call | logical, intent(in), optional
Input: indicates whether the time integration is a cortinuation of a previous step or not:
if first _call = :true :, starts or restarts the integration in time;
if first _call = :false :, corntinuesthe integration after an earlier exit from the procedure. In

this case,only the parametert _end and the remeshingoptional argumerts n_remesh dx_mesh
t _remesh ratio _meshand bound.int should be reset betweencalls to nag_pde_parab _1d_fd .

Default: first _call = .false.

ode_coef | subroutine, optional

The procedure ode_coef, supplied by the user, must evaluate the functions F;, which de ne the
system of ODEs, asgivenin (2). If pis setto 0, ode_coef should not be presen.

Its speci cation is:

subroutine ode_coef(t, v, vdot, x_ode, ucp, ducpdx, rcp, ducpdt, &
d2ucp_dtdx, f, finish, g.n f, i _comm,r_comm)

real(kind= wp), intent(in) : t
Input: the current value of the independert variable t.

real(kind= wp), intent(in) Dooov()
Shape: v has shape (p).
Input: v(i) cortains the value of componert V,(t), fori = 1;2;:::;p.

real(kind= wp), intent(in) :  vdot( :)
Shape: vdot has shape (p).
Input: vdot (i) contains the value of componert \4, fori = 1;2;:::;p.

real(kind= wp), intent(in) :  x_ode(:)
Shape: x_ode has shape (n¢).
Input: x_ode(i) cortains the value of the ODE/PDE coupling point, »;, fori = 1;2;:::;ne.
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real(kind= wp), intent(in) woouep(se)
Shape: ucp has shape (n; n¢).
Input: ucp(i; j ) cortains the value of U;(x; t) at the coupling point x = »;, fori = 1,2;:::;n
andj = 1,210, ng.
real(kind= wp), intent(in) o ducpldx(:;)
Shape: ducp_dx has shape (n; n¢).

i

@

Input: ducp_dx(i; j) contains the value of
i=1L2:nandj = 1,200,

(x;t) at the coupling point x = »;, for

real(kind= wp), intent(in) moorep( i)
Shape: rcp hasshape (n; ng).
Output: rcp (i; j) cortains the value of R; at the coupling point x = »;, for i = 1;2;:::;n
andj = 1;2;:::;ne.

real(kind= wp), intent(in) ;o ducpdt( ;)
Shape: ducp_dt has shape (n; n¢).

@J;

a (x;t) at the coupling point x = »;, for

Output: ducp_dt(i; j) cortains the value of
i=L2:nandj = 1,200 N,

real(kind= wp), intent(in) ;o d2ucpdtdx( :;:)
Shape: d2ucp_dtdx has shape (n; n¢).

@y,

@@

Output: d2ucp._dtdx (i; j ) contains the value of
i=1L2:nandj = 1,200,

(x; t) at the coupling point x = »;, for

real(kind= wp), intent(out) m f()
Shape: f has shape (p).

Output: f (i) must cortain the i** componert of F, for i = 1;2;:::;p; whereF is de ned
(seethe optional argumert g_in _f) asfollows:

-G _ AV _ U .

F=G-A\V B(U;t>,
or

- Us .

F——A\L—B(U;t )

The de nition of F is determined by the input value of the optional argumert g.in _f.

integer, intent(out) ;o finish
Output: the usermay usefinish to control the integration procedureas follows:
if finish = 1 or —1, indicates normal exit from the user supplied procedure;
if finish = 2, indicates to the integrator that cortrol should be passed

badk immediately to the calling (sub)program with the error indicator set to
error%code = 205;

if finish = 3, indicates to the integrator that the current time step should be
abandoned and a smaller time step used instead. The user may wish to set
finish = 3 whena physically meaninglessnput or output value hasbeengenerated.
If the userconsecutiwely setsfinish = 3, then nag_pde_parab_1d_fd returns to the
calling (sub)program with the error indicator setto error%code = 203;

if finish = any value other than 1, —1, 2 or 3, indicates an abnormal exit from
the user supplied procedure,and returns to the calling (sub)program with the error
indicator setto error%code = 207.
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logical, intent(in), optional : gdn f

Input: indicates which of forms of f is returned (seethe argumert description of f). If
g.in _f = :true :, then the rst equation above must be used;and if g_in f = :false :, then
the secondequation above must be used.

Default: g.in _f = .false.

integer, intent(in), optional : i _commj)
real(kind= wp), intent(in), optional : r_commj)

Input: you are free to usethese arrays to supply information to this procedure from the
calling (sub)program.

Constraints: ode_coef must not be presert unlessnumode is presert with a non zero value.

num _ode | integer, intent(in), optional
Input: the number of coupled ODEs in the system, p.
Constraints: numode > 0.
Default: numode = 0.

x_ode(ng) | real(kind=wp), intent(in), optional
Input: x_ode(i), fori = 1;2;:::;n¢, must be setto the ODE/PDE coupling points »;.
Constraints:
If ng is setto 0, x_ode should not be preser;
x_pde(1) < x_ode(l) < x_ode(2) < --- < x_ode(n¢) < x_pde(n,,).

comm _ode | type(nagpde_parab_1d_comm.wp), intent(inout), optional
Input: a structure cortaining data for the underlying ODE solver between consecutiwe calls to the

procedure.
Constraints:
if first _call = :true :, comnode should be presen if a further start is planned;
if first _call = :false :, this argumert should be presert and should be the sameasreturned

from the previous call.

Output: a structure containing information about the underlying ODE solver required for a further
call. This structure may be passedto nag_pde_parab_1d.fd for the continuation of the time
integration.

Note: to reducethe risk of corrupting the data accidertally, the components of this structure are
private. The procedureallocatesa certain amount of real(kind= wp) and integer elemeris of storage
to the structure (those dimensionsmay be accessedsia the optional argumert dim_struct ). If you
wish to deallocate this storagewhen the structure is no longer required, you must call the procedure
nag_deallocate , asillustrated in Example 1 of this module documert.

coord _sys | character(len=1), intent(in), optional

Input: indicates which co-ordinate system (the index m) is being used:
if coord _sys = °C° or °c°, indicates Cartesian co-ordinates(m = 0);
if coord_sys = °P° or °p°, indicates cylindrical polar co-ordinates(m = 1);
if coord _sys = °S° or °s°, indicates spherical polar co-ordinates(m = 2).

Constraints:
coord _sys should be one of the following values°C®, °c°, °P°, °p°, °S° or °s°;
if coord _sys is one of the following values °P°, °p°, °S° or °s°® (i.e., m > 0) then x_pde(1)
should be > 0.

Default: coord sys = °C°.
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rel _loc_tol( n x n, + p) | real(kind=wp), intent(in), optional

Input: the relative local error tolerance usedin the local error test. The error test to be satis ed
is ||e;=w;|| < 1:0, wherew; is,

w; = ®; x (Uil +2; i=12:nxn,+p;
the e; denotesthe estimated local error for the i*" componert of the coupled PDE/ODE system
andrel _loc _tol (i) = ®;, fori= 12;:::;n xn,+ p.
Constraints: rel _loc _tol (i) > 0:0,for all i = 1,2;:::;n xn, + p.
Default: rel _loc tol (i) = EPSILON(1.Qwp), for all i = 1;2;:::;n xn, + p.

abs_loc_tol( n x n, + p) | real(kind= wp), intent(in), optional
Input: the absolute local error tolerance used in the local error test; abs_oc _tol (i) = 2;, for
i=12:nxn,+p.
Constraints: abs_loc _tol (i) > 0:0, for all i = 1;2;:::;n x n, + p, and correspnding elemeris of
abs_loc _tol andrel _loc _tol (if presen) cannot both beO.

Default: abs_loc _tol (i) = EPSILON(1.Qwp), foralli = 1;2;:::;n xn, + p.

remesh | logical, intent(in), optional
Input: indicates whether or not spatial remeshingshould be performed.
If remesh= :true :, indicates that spatial remeshingshould be performed as speci ed.
If remesh= :false :, indicates that spatial remeshingshould be suppressed.
Note: remesh should not be changed between consecutie calls to the procedure

nag_pde_parab_1d_fd . Remeshingcan be switched o®or on at speci ed times by using appropriate
valuesfor the optional argumerts n_remeshand t _remeshat ead call.

Default: remesh= :false :.

X_X( ng) | real(kind=wp), intent(in), optional
Input: x_fix (i), fori = 1;2;:::;ny, must contain the value of the x coordinate at the ith “xed
meshpoint.

Note: the end points x_pde(1) and x_pde(n,) are xed automatically and hence should not be
speci ed as xed points. the position of the "xed mesh points in the array x_pde remain xed
during remeshing, and so the number of mesh points between adjacert "xed points (or between
“xed points and end points) doesnot change. The user should take this in accourt when choosing
the initial meshdistribution.

Constraints:

if remeshis not presert or = :false : (i.e., no remeshing),or ny = 0, then x_fix should not
be presen;

xfix (i) < xfix (i+ 1), fori=1,2:::;np -1,
eah xed mesh point must coincide with a user supplied initial mesh point, that is
x_fix (i) = x_pde(j), for somej, 2<j <n, — 1.

n_remesh | integer, intent(in), optional
Input: speci es the spatial remeshingfrequency and criteria for the calculation and adoption of a
new mesh:

if n_remesh < 0, indicates that a new meshis adopted according to the optional argumert
dx_meshbelov. The meshis tested every ABS(n_remesh) time steps;

if n_remesh= 0, indicates that remeshingshould take place just once at the end of the rst
time step reached whent > t _remesh (seebelow);

if n_.remesh> 0, indicates that remeshingwill take place every n_remeshtime steps,with no
testing using dx_mesh
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Note: n_remeshmay be changedbetweenconsecutiwe calls to nag_pde_parab 1d_fd to give greater
°exibilit y over the times of remeshing.

Constraints: n_remesh should not be presert unlessremeshingis to be performed i.e., remeshis
presert with value .true.

Default: n_remesh= 0.

dx _mesh | real(kind=wp), intent(in), optional

Input: determineswhether a new meshis adopted when n_remeshis set lessthan zero. A possible
new meshis calculated at the end of every |n_remesh time steps, but is adopted only if:

xmew > x9d 4+ dx_meshx (x% — x9'd)
or
xmew < xold _ dx_meshx (x4 — x4

dx_meshthus imposesa lower limit on the di®erencebetweenone meshand the next.
Constraints:

dx_meshshould not be presern unlessremeshingis to be performedi.e., remeshis presert with
value .true.

dx_mesh> 0:0.
Default: dx_mesh= 0:0.

t_remesh | real(kind=wp), intent(in), optional

Input: speci es when remeshingwill take place if n_remeshis set to zero. Remeshingwill occur
just onceat the end of the rst time step reached when't is greater than t _remesh

Note: t _remesh may be changed between consecutive calls to nag_pde_parab_1dfd to force
remeshingat seweral speci ed times.

Constraints: t _remesh should not be present unlessremeshingis to be performed i.e., remeshis
presert with value .true.

Default: t _remesh= t _end.

ratio _mesh | real(kind= wp), intent(in), optional

Input: an input bound on the adjacert meshratio (greater than 1:0 and typically in the range 1.5
to 3:0). The remeshingprocedureswill attempt to ensurethat

(X; — X;_1)=ratio _mesh< X;+; — X; < ratio _meshx (x; — X;_1):

Constraints:

if remesh is not presernt or = :false :, i.e., no remeshing, then ratio _meshshould not be
preser,

ratio _mesh> 1.0.

Default: ratio _mesh= 1:5.

bound _int | real(kind=wp), intent(in), optional
Input: an input bound on the sub-integral of the monitor function F™°"(x) over ead spacestep.
The remeshingprocedureswill attempt to ensurethat,

Ty,

Ti+l )
/ F ™™ (x)dx < bound.int / F™on(x)dx;

i 1
(see Furzeland [10]). bound.int gives the user more cortrol over the mesh distribution, e.g.,
decreasingbound.int allows more clustering. A typical value is 2:0=(n, — 1), but the user is
encouragedto experiment with di®eren values. Its value is not critical and the mesh should be
qualitativ ely correct for all valuesin the range given below.
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Constraints:
if remeshis not presen or = :false :, i.e., noremeshing,then bound.int should not be presen,
0:1=(n,, — 1) < bound.int < 10:0=(n,, — 1).

Default: bound.int = 2:0=(n,, — 1).

remesh _fun | subroutine, optional

The procedure remeshfun, supplied by the user, must supply and ewvaluate a remesh monitor
function to indicate the solution behaviour of interest. If the optional argumert remesh is not
presen or if the user speci es remesh = :false :, i.e., no remeshing,then remeshfun should not
be presen.

Its speci cation is:

subroutine remeshfun(t, x_pde, u, r, fmon, i .comm,r_comm)

real(kind= wp), intent(in) : t
Input: the current value of the independert variable t.
real(kind= wp), intent(in) :  x_pde(:)
Shape: x_pde has shape (n,).
Input: the current mesh. x_pde(i) cortains the value of the x; fori = 1,2;:::;n,,.

real(kind= wp), intent(in) = u(:;:)
Shape: u has shape (n; n,).
Input: u(i;j) contains the value of U;(x;t) at x = x_pde(j), for i = 1;2;:::;n and
=520,

real(kind= wp), intent(in) oo n)

Shape: r hasshape (n; n,).

Input: r(i;j) contains the value of R;(x; t; U; @;V) at x = x_pde(j), fori = 1;2;:::;n
andj = 1;2;:::;n,,. @

real(kind= wp), intent(out) o fmon(:)
Shape: fmon has shape (n,,).
Output: fmon(i) must contain the value of the monitor function F™°" at mesh point
X = x_pde(i), fori = 1;2;:::;n,,.
Constraints: fmon(i) > 0.

integer, intent(in), optional : i_commj)
real(kind= wp), intent(in), optional : r_commj)

Input: you are free to usethese arrays to supply information to this procedure from the
calling (sub)program.

control | type(nagpde parab_1d_cntrl wp), intent(in), optional

Input: a structure containing scalar componerts; these are used to alter the default values of
those parameters which cortrol the behaviour of the algorithm and the level of printed output.
The initialization of this structure and its use is described in the procedure documert for
nag_pde_parab_ld_cntrl _init
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dim _struct( 2) | integer, intent(out), optional

Output: the dimension of the real and integer arrays in the structure comnode, are stored in
dim_struct (1) and dim_struct (2), respectively.

num _time _step | integer, intent(out), optional
Output: the number of stepstakenin time.

num _resid _eval | integer, intent(out), optional

Output: the number of residual evaluations of the resulting ODE systemused. One sud evaluation
involves the PDE functions at all mesh points, as well as one evaluation of the functions in the
boundary conditions.

num _jac _eval | integer, intent(out), optional
Output: the number of Jacobian evaluations performed by the time integrator.

num _time _iter | integer, intent(out), optional

Output: the number of Newton iterations performedby the time integrator. Each iteration involves
residual evaluation of the resulting ODE system followed by a bad substitution using the LU -
decomposition of the Jacobian matrix.

i_comm( :) | integer, intent(in), optional
r_comm( :) | real(kind=wp), intent(in), optional

Input: these arrays are not used by this procedure, but they are passeddirectly from the calling
(sub)program to the usersupplied procedurespde_coef, bound.cond, init _value , ode_coef and/or
remeshfun, and hencemay be usedto passinformation to them.

error | type(nagerror), intent(inout), optional

The NAG fl90 error-handling argumert. Seethe Essettial Introduction, or the module documert
nag-error _handling (1.2). You are recommendedto omit this argumert if you are unsure how to
useit. If this argument is supplied, it must be initialized by a call to nag_set _error before this
procedureis called.

4 Error Codes

Fatal errors (error%level = 3):

error%co de Description

301 An input argumert has an invalid value.
302 An array argumert hasan invalid shape.
304 Invalid presenceof an optional argumert.
305 Invalid absenceof an optional argumert.
320 The procedurewas unable to allocate enoughmemory.
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Failures (error%level = 2):

error%co de

201

202

203

204

205

206

207

208

209

210

211

212

213

[NP3506/4]

Description

The underlying ODE solver cannot make any further progressfrom the current point
t = t _start , with the given valuesof rel _loc _tol and abs_loc _tol .

The componerts of U contain the computed valuesat the current point t = t _start .

In the underlying ODE solver, there wererepeatederror or corrector corvergencetest
failures on an attempted step, before completing the requestedtask.

The problem may have a singularity, or the error requiremert may be inappropriate.
Integration was successfulasfar ast = t _start .

In setting up the ODE system, the internal initialisation procedure was unable to
initialise the derivative of the ODE system.

This could be dueto the fact that finish wasrep eatedly setto 3in the usersupplied
procedurespde_coef, bound.cond or ode_coef, when the residual in the underlying
ODE solver was being evaluated.

In solving the ODE system a singular Jacobian has beenencourtered.
Ched your problem formulation.

When evaluating the residual in the ODE system, finish wassetto 2 in at leastone
of the user supplied procedurespde_coef, bound.cond or ode_coef .

Integration was successfulasfar ast = t _start .

The value of rel _loc _tol and abs_loc _tol are sosmall that the procedureis unable
to start the integration in time.

In one of the user supplied procedurespde_coef, bound.cond or ode_coef, finish
was set to an invalid value.

A serious error has occurred in an internal call to an integrator for sti® ODE
procedure. Ched problem speci cation and all parametersand array dimensions.

Setting control%print _level _ode= 1may provide moreinformation. If the problem
persists, cortact NAG.

An error occurred during Jacobian formulation of the ODE system.

A more detailed error description may be directed to the current advisory message
unit. If usingthe sparsematrix algebraoption, the valuesof control%first _piv jac
and control%rel _piv _thr may be inappropriate.

Someerror weights w; becamezero during the time integration (seedescription of
abs_loc _tol ).

Pure relative error corntrol (abs_loc _tol (i) = 0:0) was requestedon a variable (the
i) which has becomezero. Integration was successfuls far ast = t _start .

The °ux function R; was detected as depending on time derivatives, which is not
permissible.

remeshhasbeenchangedbetweencallsto the procedurenag_pde_parab _1d_fd , which
is not permissible.

The remeshing processhas produced zero or negative mesh-spacing. The user is
advisedto ched the user-suppliedmonitor procedureremeshfun andto try adjusting
the values of the optional argumerts dx_mesh ratio _meshand bound.init . Setting
control%print _level _remesh= 1 may provide more information.
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Warnings (error%level = 1):

error%co de

101

102

103

Description

The required task has been completed, but it is estimated that a small changein
rel _loc _tol and abs_loc _tol is unlikely to produce any changein the computed
solution.

Only applies when the user is not operating in one step mode, that is when
control%task Z 2 or 5.

In solving the ODE system, the maximum number of steps specied in
control%num_step _-maxhas beentaken.

control%unit is di®erert from its default value while no output is required
(control%print _level _remesh and control%print _level _ode have their default
value).

control%unit  will not be used.

5 Examples of Usage

Complete examplesof the use of this procedure appear in Examples 1 and 3 of this module documert.
The usermay nd other examplesin the additional examplessection (Examples 4, 6, 7 and 8).

Assumethat all relevant argumerts have been declared correctly as described in Section 3, and that
input and input/output argumerts have beenappropriately initialized. The following exampleillustrates
the use of the optional argumert control in order to solve a parabolic PDE using a nite di®erence

discretisation.

The value of control%print _level _ode = 1 generateswarning messaged$rom the PDE solver.

I Initialize

control  structure

CALLnag_pde_parab_1d_cntrl_init(control)

I Set required value
control%print_level_ode =1

CALLnag_pde_parab_1d_fd(pde_coef, bound_cond, init_value, t start, &

t end, x_pde, u, control=control)

6 Further Comments

6.1 Additional Problem Constraints

The problem is subject to the following restrictions:

In (1), \4(t), for j = 1;2;:::;p, may only appear linearly in the functions Q,, for i = 1;2;:::;n,
with a similar restriction for °; in (3);

P;,; and the °ux R; must not depend on any time derivatives;

to < tous, SOthat integration is in the forward direction;

the evaluation of the terms P; ;, Q; and R; is done approximately at the mid-points of the mesh
x_pde(i), for i = 1;2;:::;n,, by calling the procedure pde_coef for ead mid-point in turn. Any
discortin uities in thesefunctions must thereforebe at oneor more of the xed meshpoints speci ed

by x_fix ;
At least one of the functions P; ; must be non-zerosothat there is a time derivative presern in the
PDE problem;
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If m > 0 then x; which is the left boundary point, must be non-negative. Furthermore, if m > 0
and x; = 0:0, then it must be ensuredthat the PDE solution is boundedat this point. This canbe
done either by specifying the solution at x = 0:0 or by specifying a zero °ux there, that is ; = 1.0
and °; = 0:0.

6.2 Algorithmic Detail

The parabolic equations are approximated by a system of ODEs in time for the values of U; at mesh
points. For simple problems in Cartesian co-ordinates, this systemis obtained by replacing the space
derivatives by the usual certral, three-point "nite-di®erence formula. However, for polar and spherical
problems, or problemswith nonlinear coetcients, the spacederivativesare replacedby a modi ed three-
point formula which maintains secondorder accuracy In total there are n x n,, + p ODEs in the time
direction. This system is then integrated forwards in time using a Backward Di®erertiation Formula
(BDF) or a Theta method.

The adaptive special remeshingcan be usedto generatemeshesthat automatically follow the changing
time-dependert nature of the solution, generally resulting in a more excient and accurate solution using
fewer mesh points than may be necessarywith a "xed uniform or non-uniform mesh. Problems with
travelling wavefronts or variable-width boundary layers for example will benet from using a moving
adaptive mesh. The discrete time-step method used here (developed by Furzeland [10]) automatically
createsa new meshbasedon the current solution prole at certain time-steps, and the solution is then
interpolated onto the new meshand the integration cortinues.

The method requires the user to supply a procedure remeshfun which species in an analytical or
numerical form the particular aspect of the solution behaviour the userwishesto track. This so-called
monitor function is usedby the routines to choosea meshwhich equally distributes the integral of the
monitor function over the domain. A typical choice of monitor function is the secondspacederivative of
the solution value at ead point (or somecombination of the secondspacederivativ esif there is more than
one solution componert), which results in re nement in regionswhere the solution gradient is changing
most rapidly.

The user speci es the frequency of mesh updates together with certain other criteria such as adjacert
meshratios. Remeshingcan be expensive and the user is encouragedto experiment with the di®eren
options in order to achieve an ezcient solution which adequately tracks the desired features of the
solution.

Note that unlessthe monitor function for the initial solution valuesis zero at all user-sgeci ed initial

mesh points, a new initial mesh s calculated and adopted according to the user-speci ed remeshing
criteria. The procedureinit _value will then be called again to determine the initial solution valuesat
the new meshpoints (there is no interpolation at this stage) and the integration proceeds.
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Procedure: nag_pde_interp_1d_fd

1 Description

This procedure interpolates in the spatial co-ordinate the solution and its rst spatial derivative of
a system of partial di®erenial equations on an interval [a; b]; at a set of user-speci ed points. The
solution must be computed using a nite di®erencescheme,and this procedurewill normally be usedin
conjunction with nag_pde_parab _1d_fd .

2 Usage

USEnag_pde_parab_1d
CALLnag pde.interp _1d.fd(u, x_pde, x.interp, u.nterp [, optional argumerts])

3 Arguments

Note. All array arguments are assumed-shape arrays. The extent in each dimension must be exactly that required by
the problem. Notation such as ‘x(n)’ is used in the argument descriptions to specify that the array X must have exactly n
elements.

This procedure derives the values of the following problem parameters from the shape of the supplied
arrays.
n, >3 | (= SIZE(x_pde)) the number of PDE meshpoints in the interval [a; b];
n>1 | the number of PDEs in the system(SIZE(u) = n x n,);
Ninterp > 1 | the number of interpolation points in the interval [a; bj;
itpe = 10Or2 | speci esthe interpolation to be performed:
if i+pe = 1, the solution at the interpolation points is computed,

if i;ype = 2, both the solution and its “rst derivative at the interpolation
points are computed.

3.1 Mandatory Arguments

u(n xn,) | real(kind= wp), intent(in)
Input: u(n x (j — 1)+ i) must cortain the computed solution U;(x;) to be interpolated, for
i=12:5nandj = 120000,

x_pde(n,) | real(kind= wp), intent(in)
Input: theinitial meshpoints in the spatial direction. x_pde(1) must specify the left-hand boundary,
a, and x_pde(n,) must specify the right-hand boundary, b.
Constraints: x_pde(1) < x_pde(2) < --- < x_pde(n,).

x_interp( Nineerp) | real(kind= wp), intent(in)
Input: must contain the spatial interpolation points.
Constraints: x_pde(1) < x.interp (1) < xdnterp (2) < --- < xdnterp (Nipterp) < X_pde(n,).

u_interp( n; Ninterp; itype) | real(kind= wp), intent(out)
Output:
if i;ype = 1, uinterp (i,j,1) cortains the value of the solution U;(x ;) at the interpolation point
X; = xdnterp (j), fori=1;2;::;nandj = 1,200 Nipterps
if i¢ype = 2, udinterp (i,j,1) and uinterp (i,j,2) cortain respectively the value of the

%

solution U;(x;) and the derivative
i=L2:nnandj = 12000 Ninterp-

(x;) at the interpolation point x; = x_interp (j), for
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3.2 Optional Arguments

Note. Optional arguments must be supplied by keyword, not by position. The order in which they are described below
may differ from the order in which they occur in the argument list.

coord _sys | character(len=1), intent(in), optional
Input: indicates which co-ordinate system (the index m) is being used:
if coord _sys = °C° or °c°®, indicates Cartesian co-ordinates(m = 0);
if coord_sys = °P° or °p°, indicates cylindrical polar co-ordinates(m = 1);
if coord _sys = °S° or °s°, indicates spherical polar co-ordinates(m = 2).

Constraints: coord _sys should be one of the following values°C®, °c°, °P°, °p°, °S° or °s°.
Default: coord_sys = °C°.

error | type(nagerror), intent(inout), optional

The NAG fl90 error-handling argumert. Seethe Essetial Introduction, or the module documert
nag_error _handling (1.2). You are recommendedto omit this argumert if you are unsure how to
useit. If this argumernt is supplied, it must be initialized by a call to nag_set _error before this
procedureis called.

4 Error Codes

Fatal errors (error%level = 3):
error%co de Description
301 An input argumert hasan invalid value.

302 An array argumert hasan invalid shape.

5 Examples of Usage

Complete examplesof the use of this procedure appear in Example 1 of this module documert. The
usermay nd other examplesin the additional examplessection (Examples 4, 5 and 8).
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Procedure: nag_pde_parab_1d_coll

1 Description

nag_pde_parab_ld_coll integrates a system of n linear or nonlinear parabolic partial di®erenial
equations (PDEs), and optionally coupledin ODEs, in one spacevariable:

n

ZPM@ +Q; = x’mg(x’”Ri); i=12:5n as<x<b;t>tp; 4)
j=1
- Us .
F=G-A\L-B ) 5)
th

where (4) de nes the PDE part which is discretised over a set of n, collocation points (break-points),
and (5) generalizesthe coupled systemof p ODEs which is discretisedover a set of n¢ coupling points at
which the ODEs are coupledto the PDEs. These points may or may not be equal to someof the PDE
spatial collocation points.

In (4), P;; and R; dependon x, t, U, @ and V; Q; dependson x, t, U, @ V and linearly on \..

) . @
The vector U is the set of PDE solution values

and the vector % is the partial derivative with respectto x. The vector V is the set of ODE solution
values

and the ertries in G, A and B may depend on t, », U, & and V. » represeits a vector of ng

spatial coupling points and U™, @ , R*, @ , and ou are the functions U, @ R, % and %

evaluated at these coupling points (Seethe Module Introduction for more details).

In practice the useronly needsto supply a vector of information to de ne the ODEs and not the matrices
A and B. (SeeSection 3.2 for the speci cation of the optional user-suppliedprocedure ode_coef).

The spatial discretisation is performed using a Chebyshev C° collocation method (with Chebyshev
polynomial of degreed), and the method of lines is employed to reducethe PDEs to a systemof ODEs.
The resulting systemis solved using a badckward di®erertiation formula method or a Theta method. The
integration in time is from tq to t,,:, over the spaceinterval a < x < b, wherea = x; and b= x,,, are

in spaceis de ned by the value of m; m = 0 for Cartesian co-ordinates, m = 1 for cylindrical polar
co-ordinatesand m = 2 for spherical polar co-ordinates.

The PDE system which is de ned by the functions P; ;, Q; and R; must be speci ed in a procedure
pde_coef supplied by the user. The initial values of the functions U(x;t) and V(t) must be given at
t = to. Thesevaluesare calculated in a user-suppliedprocedure,init _value. The functions R; which
may be thought of as °uxes, are also usedin the de nition of the boundary conditions. The boundary
conditions must be speci ed in a procedure bound.cond provided by the user, and must have the form:
- @ @ ,

GOR; (Gt U, —; V)= (x4t U, —=—V;\);,  1=1,2:::;n; 6

(% HR( & ) ( & ) (6)
wherex = a or x = b. The functions °; may only depend linearly on \.. The algebraic-di®eretial
equation systemwhich is de ned by the functions F; must be speci ed in a procedureode_coef supplied
by the user.
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Sewral options are available for cortrolling the operation of this procedure, for example the level of
printed output and algorithmic parameters, such as integration method and order, etc.. These options
are grouped together in the optional argumert control , which is a structure of the derived type
nag_pde_parab_ld_cntrl _wp.

The problem asde ned by (4), (5) and (6) is subject to someadditional constraints. For details seethe
Further Commerts section.

2 Usage

USEnag_pde_parab_1d

CALL nag pde_parab _1d_coll(pde _coef, boundcond, init _value, degpoly, t start, t_end,
& X_bkpts, u [, optional argumerns])

3 Arguments

Note. All array arguments are assumed-shape arrays. The extent in each dimension must be exactly that required by
the problem. Notation such as ‘x(n)’ is used in the argument descriptions to specify that the array x must have exactly n
elements.

This procedure derives the values of the following problem parameters from the shape of the supplied
arrays.
n, >3 | (= SIZE(x_bkpts) ) the number of collocation points (break-points) in the interval [a; bj;

ng >0 | (0 or SIZE(x_ode) if preseri) the number of ODE/PDE coupling points, if p = 0 then
ne = 0Oandif p> 0then ng > 0;

p>0 | the number of coupled ODE (seethe optional argumert numode);
n>1 | the number of PDEs in the system (SIZE(u) = n x ((ny, —1) x d+ 1) + p).

3.1 Mandatory Arguments

pde_coef | subroutine

The procedure pde_coef, supplied by the user, must compute the functions P; ;, Q; and R; which
de ne the system of PDEs asin equation (4). The functions may dependon x, t, U, % and V;

Q; may depend linearly on \.. The functions must be evaluated at a set of points.

Its speci cation is:

subroutine pde_coef(t, x, u, dudx, p, q, r, finish, v, vdot, i_comm,r_comm)

real(kind= wp), intent(in)  : t
Input: the current value of the independert variable t.

real(kind= wp), intent(in) Doox()
Shape: x hasshape (d + 1).

Input: cortains a set of mesh points at which P; ;, Q; and R; are to be evaluated. x(1)
and x(d + 1) contain successie break-points from the user-supplied array x_bkpts, the
elemens of x will satisfy x(1) < x(2) < --- < x(d+ 1).

real(kind= wp), intent(in) = u(:;:)
Shape: u hasshape (n; d + 1).
Input: u(i; j ) contains the value of the componert U;(x; t) wherex = x(j), fori = 1;2;:::;n

andj = 1,2;:::;d+ 1.
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real(kind= wp), intent(in) :  dudx(:;:)
Shape: du_dx hasshape (n;d + 1).

@

Input: du_dx(i; j) corntains the value of the componert (x;t) where x x(j), for

i=12::;nandj = 1;2;:::;d+ 1.

real(kind= wp), intent(out) S o] (3404
Shape: p hasshape (n; n;d+ 1).

Output: p(i; j; k) must be set to the values of P; ;(x;t; U; @;V) where x = x(k), for

ibj=21,2::;nandk=1;2;:::;d+ 1. &

real(kind= wp), intent(out) = q(:2)
Shape: g hasshape (n;d + 1).

Output: q(i; j) must be set to the values of Q;(x;t; U; %;V; \.) where x

i=12:::;nandj = 1,2:::;d+ 1.

x(j), for

real(kind= wp), intent(out) :  r( )
Shape: r hasshape (n;d+ 1).

Output: r(i;j) must be set to the values of R;(X;t; U;%;V) where x = x(j), for
i=212::;nandj = 1,2:::;d+ 1.

integer, intent(out) 1 finish
Output: the user may usefinish to cortrol the integration procedure as follows:
if finish = 1 or —1, indicates normal exit from the user supplied procedure;

if finish = 2, indicates to the integrator that cortrol should be passed
badk immediately to the calling (sub)program with the error indicator set to
error%code = 205;

if finish = 3, indicates to the integrator that the current time step should be
abandoned and a smaller time step used instead. The user may wish to set
finish = 3 whena physically meaninglessnput or output value hasbeengenerated.
If the user consecutiwely setsfinish = 3, then nag_pde_parab _1d_fd returns to the
calling (sub)program with the error indicator setto error%code = 203;

if finish = any value other than 1, —1, 2 or 3, indicates an abnormal exit from
the user supplied procedure,and returns to the calling (sub)program with the error
indicator setto error%code = 207.

real(kind= wp), intent(in), optional = v(3)
Shape: v has shape (p).
Input: v(i) contains the value of the component V;(t), fori = 1;2;:::;p.

real(kind= wp), intent(in), optional :  vdot( :)
Shape: vdot has shape (p).
Input: vdot (i) contains the value of the componert \4(t) fori = 1;2;:::;p.
Note: \4(t) for i = 1;2;:::;p may only appear linearly in Q;, forj = 1;2;:::;n.

integer, intent(in), optional : i _commj)

real(kind= wp), intent(in), optional : r_commj)
Input: you are free to usethese arrays to supply information to this procedure from the
calling (sub)program.
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bound _cond | subroutine
The procedure bound.cond, supplied by the user, must compute the functions ~;, and °; which
de ne the boundary conditions asin equation (6).

Its speci cation is:

subroutine boundcond(t, u, dudx, bound, beta, gamma,finish, v, vdot, &
i _comm,r_comm)

real(kind= wp), intent(in) Dot
Input: the current value of the independert variable t.

real(kind= wp), intent(in) Doou(d)
Shape: u has shape (n).
Input: u(i) corntains the value of the componert U;(x;t), at the boundary speci ed by
bound fori = 1;2;:::;n.

real(kind= wp), intent(in) = dudx(:)
Shape: du_dx has shape (n).

Input: du_dx(i) contains the value of the componert @(x; t), at the boundary speci ed
. @
by bound, fori = 1;2;:::;n.

integer, intent(in) ;> bound
Input: determines the position of the boundary conditions. If bound = 0, then the
procedure bound.cond must set up the coezcients of the left-hand boundary x = a. Any
other value of bound indicates that the procedurebound.cond must set up the coexcients

of the right-hand boundary x = b.

real(kind= wp), intent(out) : beta(:)
Shape: beta has shape (n).
Output: beta (i) must be set to the valuesof ~;(x; t) at the boundary speci ed by bound,
fori=1;2;:::;n.

real(kind= wp), intent(out) : gammaj

Shape: gammédas shape (n).

Output: gamm@) must be setto the valuesof °;(x; t; U; @; V;\L) at the boundary speci ed

by bound fori = 1;2;:::;n. &

integer, intent(out) ;o finish

Output: the user may usefinish to cortrol the integration procedure as follows:
if finish = 1 or —1, indicates normal exit from the user supplied procedure;
if finish = 2, indicates to the integrator that control should be passed
badk immediately to the calling (sub)program with the error indicator set to
error%code = 205;
if finish = 3, indicates to the integrator that the current time step should be
abandoned and a smaller time step used instead. The user may wish to set
finish = 3whena physically meaninglessnput or output value hasbeengenerated.
If the user consecutiwely setsfinish = 3, then nag_pde_parab _1d_fd returns to the
calling (sub)program with the error indicator setto error%code = 203;
if finish = any value other than 1, —1, 2 or 3, indicates an abnormal exit from
the user supplied procedure,and returns to the calling (sub)program with the error
indicator setto error%code = 207.
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real(kind= wp), intent(in), optional 1 v(3)
Shape: v has shape (p).
Input: v(i) cortains the value of the componert V;(t), fori = 1;2;:::;p.

real(kind= wp), intent(in), optional :: vdot( :)
Shape: vdot has shape (p).
Input: vdot (i) contains the value of the componert \4, fori = 1;2;:::;p.
Note: \;(t) fori = 1;2;:::;p may only appear linearly in °;, forj = 1,2;:::;n.

integer, intent(in), optional : i _commy)
real(kind= wp), intent(in), optional : r_commj)

Input: you are free to usethese arrays to supply information to this procedure from the
calling (sub)program.

init _value | subroutine
The procedure init _value, supplied by the user, must compute the initial values of the PDE
componerts U;(X;;to), fori = 1;2;::;nandj = 1;2;:::5(np — 1) xd+ 1.

Its speci cation is:

subroutine init _value(x, u, v, i_comm,r_comm)

real(kind= wp), intent(in) = x(:)
Shape: x hasshape ((n, — 1) x d+ 1).
Input: x(j) contains the value of the j ** meshpoint, for j = 1;2;:::;(ny — 1) x d+ 1.

real(kind= wp), intent(out) 1 u(::)
Shape: u hasshape (n;(n, — 1) xd+ 1).
Output: u(i; j) must be set to the initial value U;(x;;tg), for i = 1;2;:::;n and j =

1,2;::0(np—1) xd+ 1.

real(kind= wp), intent(out), optional = v(3)
Shape: v has shape (p).
Output: v(i) must contain the value of component V;(to), fori = 1;2;:::;p.

integer, intent(in), optional : i _commj)
real(kind=wp), intent(in), optional :: r_commjy)

Input: you are free to usethese arrays to supply information to this procedure from the
calling (sub)program.

deg_poly | integer, intent(in)

Input:  the degreeof the Chebyshev polynomial to be usedin approximating the PDE solution
betweenead pair of break-points, d.

Constraints: 1 < deg_poly < 49.
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t_start | real(kind=wp), intent(inout)
Input: the initial value to of the independert variable t.
Output: the value of t corresponding to the solution value U. Normally t start = t _end on exit.
Constraints: t _start < t_end.

t_end | real(kind= wp), intent(in)
Input: the "nal value of t to which the integration is to be carried out.

x _bkpts( ny) | real(kind= wp), intent(in)
Input: the valuesof the break-points in the spacedirection. x_bkpts (1) must specify the left-hand
boundary, a, and x_bkpts (n;) must specify the right-hand boundary, b.

Constraints: x_bkpts (1) < x_bkpts (2) < --- < x_bkpts (ny).

u(n x ((np —1) xd+ 1)+ p) | real(kind=wp), intent(inout)

Inputu(n x (j — 1)+ i) cortains the computed solution U;(x;;t), for i = 1;2;:::;n and j =
1,2::0,(np, —1) xd+ 1, and u(((n, — 1) x d+ 1) x n + k) contains Vi(t), for k = 1;2;:::;p;
evaluated on a previous call to the procedure. The userdoes not needto initialialise u at the very
“rst call of the procedure.

Output: u(n x (j — 1) + i) cortains the computed solution U;(x;;t), for i = 1;2;:::;n; j =
1,200,y — 1) xd+ 1, and u(((ny, — 1) x d+ 1) x n + k) contains Vi(t), for k = 1;2;:::;p;
evaluated at the output value of t = t _start .

3.2 Optional Arguments

Note. Optional arguments must be supplied by keyword, not by position. The order in which they are described below
may differ from the order in which they occur in the argument list.

“rst _call | logical, intent(in), optional
Input: indicates whether the time integration is a cortinuation of a previous step or not:
if first _call = :true :, starts or restarts the integration in time;
if first _call = :false :, continuesthe integration after an earlier exit from the procedure. In

this case,only the parametert _end should be resetbetweencalls to nag_pde_parab _1d_coll .

Default: first _call = .false.

ode_coef | subroutine, optional

The procedure ode_coef, supplied by the user, must evaluate the functions F;, which de nes the
systemof ODEs, asgivenin (5). If pis setto 0, ode_coef should not be presen.

Its speci cation is:

subroutine ode_coef(t, v, vdot, x_ode, ucp, ducpdx, rcp, ducpdt, &
d2ucp_dtdx, f, finish, g.n _f, i_comm,r_comm)

real(kind= wp), intent(in) Dot
Input: the current value of the independert variable t.

real(kind= wp), intent(in) = v(:)
Shape: v has shape (p).
Input: v(i) cortains the value of componert V,(t), fori = 1;2;:::;p.

real(kind= wp), intent(in) o vdot( ?)

Shape: vdot has shape (p).
Input: vdot (i) cortains the value of componert \4, fori = 1;2;:::;p.
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real(kind= wp), intent(in) :  x_ode(:)
Shape: x_ode has shape (n¢).
Input: x_ode(i) cortains the value of the ODE/PDE coupling point, », for i = 1;2;:::;ne.

real(kind= wp), intent(in) moouep(s)
Shape: ucp has shape (n; n¢).
Input: ucp(i; j ) cortains the value of U;(x; t) at the coupling point x = »;, for i
andj = 1,200, ng.

1;2;::::n

real(kind= wp), intent(in) i ducpdx(:;:)
Shape: ducp_dx has shape (n; n¢).

i

@

(x;t) at the coupling point for

x
1

Input: ducp_dx(i; j) cortains the value of
i=L2:nnandj = 1,200 N,

»;,

real(kind= wp), intent(in)  : rcp( )
Shape: rcp hasshape (n; ng).
Input: rcp (i; j) contains the value of R; at the coupling point x = »;, for i
andj = 1,211 ng.

1;2;::::n

real(kind= wp), intent(in) i ducpdt( :;)
Shape: ducp_dt has shape (n; n¢).

@;

@

for

x
1
M

Input: ducp_dt(i; j) corntains the value of (x;t) at the coupling point

i=12:nandj = 1,200 n,.

real(kind= wp), intent(in) i d2ucpdtdx( :;:)
Shape: d2ucp_dtdx has shape (n; ng).
@vu;

Input: d2ucp_dtdx (i; j) cortains the value of
P p. (i;]) a@a

i=L2:nandj = 1,200 N,

(x; t) at the coupling point x = »;, for

real(kind= wp), intent(out) = f(:)
Shape: f hasshape (p).

Output: f (i) must cortain the i** componert of F, for i = 1;2;:::;p; whereF is dehed
(seethe optional argumert g_in _f) as follows:

- Us .
F—G—A\L—B(U;t )
or
- Us .
F——A\L—B(U;t )

The de nition of F is determined by the input value of the optional argumert g.in _f.
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integer, intent(out) ::  finish
Output: the user may usefinish to cortrol the integration procedure as follows:
if finish = 1 or —1, indicates normal exit from the user supplied procedure;
if finish = 2, indicates to the integrator that cortrol should be passed

badk immediately to the calling (sub)program with the error indicator set to
error%code = 205;

if finish = 3, indicates to the integrator that the current time step should be
abandoned and a smaller time step used instead. The user may wish to set
finish = 3 whena physically meaninglessnput or output value hasbeengenerated.
If the user consecutiwely setsfinish = 3, then nag_pde_parab _1d_fd returns to the
calling (sub)program with the error indicator setto error%code = 203;

if finish = any value other than 1, —1, 2 or 3, indicates an abnormal exit from
the user supplied procedure,and returns to the calling (sub)program with the error
indicator setto error%code = 207.

logical, intent(in), optional :: g.in f
Input: indicates which of forms of f is returned (seethe argument description of f). If
g-in _f = :true :, then the "rst equation above must be used;and if g_in f = :false :, then
the secondequation above must be used.

Default: g.in _f = .false.

integer, intent(in), optional : i_commj)

real(kind= wp), intent(in), optional : r_commj)
Input: you are free to usethese arrays to supply information to this procedure from the
calling (sub)program.

Constraints: ode_coef must not be presen unlessnumode is present with a non zerovalue.

num _ode | integer, intent(in), optional
Input: the number of coupled ODEs in the system, p.
Constraints: numode > 0.
Default: numode = 0.

x_ode(ng) | real(kind=wp), intent(in), optional
Input: x_ode(i), fori = 1;2;:::;n¢, must be setto the ODE/PDE coupling points »;.
Constraints:
If ng is setto 0, x_ode should not be preser;
x_bkpts (1) < x_ode(1) < x_ode(2) < --- < x_ode(n,) < x_bkpts (n).

comm _ode | type(nagpde parab_1d_commwp), intent(inout), optional
Input: a structure corntaining data for the underlying ODE solver between consecutiwe calls to the

procedure.
Constraints:
if first _call = :true :, comnode should be presen if a further start is planned;
if first _call = :false :, this argumert should be present and should be the sameasreturned

from the previous call;

if an interpolation of the solution, using the procedure nag_pde_interp _1d_coll is planned
by the user, comnode should be preser.
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Output: a structure corntaining informations about the underlying ODE solver neededfor a further
call. Sothis structure may be passedto nag_pde_parab_1d_coll for the corntinuation of the time
integration; and to nag_pde_parab_1d_coll to interpolate the solution.

Note: to reducethe risk of corrupting the data accidertally, the componerts of this structure are
private. The procedureallocatesa certain amount of real(kind= wp) and integer elemeris of storage
to the structure (those dimensionsmay be accessedsia the optional argumert dim_struct ). If you
wish to deallocate this storagewhenthe structure is no longer required, you must call the procedure
nag_deallocate , asillustrated in Example 1 of this module documert.

coord _sys | character(len=1), intent(in), optional
Input: indicates which co-ordinate system (the index m) is being used:
if coord _sys = °C® or °c°, indicates Cartesian co-ordinates(m = 0);
if coord _sys = °P° or °p°, indicates cylindrical polar co-ordinates(m = 1);
if coord_sys = °S° or °s°, indicates spherical polar co-ordinates(m = 2).

Constraints:
coord _sys should be one of the following values°C®, °c°®, °P°, °p°®, °S° or °s°;
if coord _sys is one of the following values °P°, °p°, °S°, °s°® (i.e., m > 0) then x_bkpts (1)
should be > 0.

Default: coord _sys = °C°.

x_mesh((n, —1) xd+ 1) | real(kind=wp), intent(out), optional

Output: the mesh points chosenby the procedurein the spatial direction. The values of x_mesh
will satisfy x_meslfl) < x_mesh2) < --- < x_mesk(n, — 1) x d+ 1).

rel loc_tol( n x ((ny —1) xd+ 1)+ p) | real(kind= wp), intent(in), optional
Input: the relative local error tolerance usedin the local error test. The error test to be satis ed
is ||le;=w;|| < 1:0, wherew; is,
w; = ®; x |U|+ 2;1 =120 nx ((np —1) xd+ 1)+ p;
the e; denotesthe estimated local error for the i" componert of the coupled PDE/ODE system
andrel _loc tol (i) = ®;,fori=1;2;:::;nx ((np —1) xd+ 1)+ p.
Constraints: rel _loc _tol (i) > 0:0,foralli= 1;2;:::;n x ((hy —1) xd+ 1)+ p.
Default: rel _loc _tol (i) = EPSILON(1.Qwp), foralli = 1;2;:::;n x ((ny, — 1) xd+ 1)+ p.

abs_loctol( n x ((n, —1) xd+ 1)+ p) | real(kind=wp), intent(in), optional
Input: the absolute local error tolerance used in the local error test; abs_loc _tol (i) = 2;, for
i=212::nx((np—1) xd+ 1)+ p.
Constraints: abs_loc _tol (i) > 0:0,foralli = 1;2;:::;nx((n, —1) xd+ 1)+ p, and corresponding
elemerts of abs_loc _tol and rel _loc _tol (if preser) cannot both be 0.
Default: abs_loc _tol (i) = EPSILON(1.Qwp), foralli = 1;2;:::;n x ((n, — 1) x d+ 1)+ p.

control | type(nagpde_parab_1d_cntrl \wp), intent(in), optional

Input: a structure containing scalar componerts; these are used to alter the default values of
those parameters which cortrol the behaviour of the algorithm and the level of printed output.
The initialization of this structure and its use is described in the procedure documert for
nag_pde_parab_1d_cntrl _init

dim _struct( 2) | integer, intent(out), optional

Output: the dimension of the real and integer arrays in the structure comnode, are stored in
dim_struct (1) and dim_struct (2), respectively.
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num _time _step | integer, intent(out), optional
Output: numtime _step contains the number of stepstaken in time.

num _resid _eval | integer, intent(out), optional

Output: numresid _eval cortains the number of residual evaluations of the resulting ODE system
used. One sud evaluation involvesthe PDE functions at all meshpoints, aswell asone evaluation
of the functions in the boundary conditions.

num _jac _eval | integer, intent(out), optional

Output: numjac _eval contains the number of Jacobian evaluations performed by the time
integrator.

num _time _iter | integer, intent(out), optional

Output: numtime _iter contains the number of Newton iterations performed by the time
integrator. Each iteration involves residual evaluation of the resulting ODE system followed by
a badk substitution using the LU -decomposition of the Jacobian matrix.

i_comm( :) | integer, intent(in), optional
r_.comm( :) | real(kind= wp), intent(in), optional

Input: thesearrays are not used by this procedure, but they are passeddirectly from the calling
(sub)program to the usersupplied procedurespde_coef, bound cond, init _value and/or ode_coef,
and hencemay be usedto passinformation to them.

error | type(nagerror), intent(inout), optional

The NAG fl90 error-handling argumert. Seethe Essetial Introduction, or the module documert
nag-error _handling (1.2). You are recommendedto omit this argumert if you are unsure how to
useit. If this argumernt is supplied, it must be initialized by a call to nag_set _error before this
procedureis called.

4 Error Codes

Fatal errors (error%level = 3):

error%co de Description

301 An input argumert has an invalid value.
302 An array argumert hasan invalid shape.
304 Invalid presenceof an optional argumert.
305 Invalid absenceof an optional argumert.
320 The procedurewas unable to allocate enoughmemory.

Failures (error%level = 2):
error%co de Description

201 The underlying ODE solver cannot make any further progress,from the current point
t = t _start , with the given valuesof rel _loc _tol and abs_loc _tol .

The componerts of U contain the computed valuesat the current point t = t _start .

202 In the underlying ODE solver there were repeated error or corrector corvergencetest
failures on an attempted step, before completing the requestedtask.
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203

204

205

206

207

208

209

210

211

The problem may have a singularity, or the error requiremert may be inappropriate.
Integration was successfulasfar ast = t _start .

In setting up the ODE system, the internal initialisation procedure was unable to
initialise the derivative of the ODE system.

This could be dueto the fact that finish wasrep eatedly setto 3in the usersupplied
procedurespde_coef, bound.cond or ode_coef, when the residual in the underlying
ODE solver was being evaluated.

In solving the ODE system a singular Jacobian has beenencourtered.
Ched your problem formulation.

When evaluating the residual in the solving the ODE system, finish wassetto 2 in
at least one of the user supplied procedurespde_coef, bound.cond or ode_coef.

Integration was successfulasfar ast = t _start .

The value of rel _loc tol and abs_loc _tol are sosmall that the procedureis unable
to start the integration in time.

In one of the user supplied procedurespde_coef, bound.cond or ode_coef, finish
was setto an invalid value.

A serious error has occurred in an internal call to a sti® ODE integrator. Ched
problem speci cation and all parametersand array dimensions.

Setting control%print _level _ode= 1may provide moreinformation. If the problem
persists, contact NAG.

An error occurred during Jacobian formulation of the ODE system.

A more detailed error description may be directed to the current advisory message
unit. If usingthe sparsematrix algebraoption, the valuesof control%first _piv jac
and control%rel _piv _thr may be inappropriate.

Someerror weights w; becamezero during the time integration (seedescription of
abs_loc _tol ).

Pure relative error control (abs_loc _tol (i) = 0:0) was requestedon a variable (the
i*") which has becomezero. Integration was successfulasfar ast = t _start .

The °ux function R; was detected as depending on time derivatives, which is not
permissible.

Warnings (error%level = 1):

error%co de

101

102

103
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Description

The required task has been completed, but it is estimated that a small changein
rel _loc _tol and abs_loc _tol is unlikely to produce any changein the computed
solution.

Only applies when the user is not operating in one step mode, that is when
control%task = 2 or 5.

In solving the ODE system, the maximum number of steps specied in
control%num_step _-maxhas beentaken.

control%unit is di®erent from its default value while no output is required
(control%print _level _ode hasits default value).

control%unit  will not be used.
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5 Examples of Usage

Complete examplesof the use of this procedure appear in Example 2 of this module documert. The
usermay nd other examplesin the additional examplessection (Examples 5 and 9).

Assumethat all relevant argumerts have been declared correctly as described in Section 3, and that
input and input/output argumerts have beenappropriately initialized. The following exampleillustrates
the useof the optional argumert control in order to solve a parabolic PDE using a collocation method.

The value of control%print _level _ode = 1 generateswarning messagesrom the PDE solver.

I Initialize control structure
CALLnag_pde_parab_1d_cntrl_init(control)

I Set required value
control%print_level_ode =1

CALLnag_pde_parab_1d_coll(pde_coef, bound_cond, init_value, deg_poly, &
t start, t_end, x_bkpts, u, control=control)

6 Further Comments

6.1 Additional Problem Constraints

The routine is designedto solve parabolic systems(possibly including elliptic equations) with second-
order derivativesin space. The parameter speci cation allows the user to include equations with only
“rst-order derivativesin the spacedirection but there is no guarantee that the method of integration
will be satisfactory for such systems. The position and nature of the boundary conditions are critical in
de ning a stable problem.

The problem is subject to the following restrictions:

in (4), \L(t), for j = 1;2;:::;p, may only appear linearly in the functions Q;, for i = 1;2;:::;n,
with similar restrictions for °; in (6);

to < tout, SOthat integration is in the forward direction;
P; ;, Q; and the °ux R; must not depend on any time derivatives;

the evaluation of the functions P; ;, Q; and R; is done at both the break-points and internally
selectedpoints for eat element in turn, that is P; ;, Q; and R; are evaluated twice at ead break-
point. Any discortin uities in thesefunctions must therefore be at one or more of the break-points

at least one of the functions P; ; must be non-zerosothat there is a time derivative presert in the
problem;

if m > 0 and x; = 0:0, which is the left boundary point, then it must be ensuredthat the PDE
solution is bounded at this point. This can be done by either specifying the solution at x = 0:0 or
by specifying a zero °ux there, that is ; = 1:0 and °; = 0:0.

6.2 Algorithmic Detail

The parabolic equations are approximated by a system of ODEs in time for the values of U; at the
mesh points. This ODE system is obtained by approximating the PDE solution between ead pair of
break-points by a Chebyshev polynomial of degreed. The interval between eadt pair of break-points
is treated by nag_pde_parab_ld_coll asan elemen, and on this elemen, a polynomial and its space
and time derivativesare madeto satisfy the systemof PDEs at (d — 1) spatial points, which are chosen
internally by the code, and at the break-points. In the caseof just one elemen, the break-points are the
boundaries. The user-de ned break-points and the internally selectedpoints together de ne the mesh.
The smallestvalue that d cantake is one,in which case,the solution is approximated by piecewiselinear
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polynomials between consecutive break-points and the method is similar to an ordinary "nite elemen
method.

In total there are (n, — 1) x d+ 1 meshpoints in the spatial direction, and n x ((h, — 1) x d+ 1) ODEs
in the time direction; one ODE at ead break-point for eady PDE componert and (d — 1) ODEs for
eah PDE componert betweenead pair of break-points. The systemis then integrated forwards in time
using a backward di®erertiation formula method.
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Procedure: nag_pde_interp_1d_coll

1 Description

This procedure interpolates in the spatial co-ordinate the solution and its rst spatial derivative of a
systemof partial di®erenial equationson an interval [a; b]; at a set of user-speci ed points. The solution
must be computed using a Chebyshev C° collocation method, and this procedurewill normally be used
in conjunction with the procedurenag_pde_parab_1d_coll .

2 Usage

USEnag_pde_parab_1d

CALLnag pde.interp _1d_coll(u, x_bkpts, degpoly, comnode, x_interp, u.nterp &
[[ optional argumerts])

3 Arguments

Note. All array arguments are assumed-shape arrays. The extent in each dimension must be exactly that required by
the problem. Notation such as ‘x(n)’ is used in the argument descriptions to specify that the array x must have exactly n
elements.

This procedure derives the values of the following problem parameters from the shape of the supplied
arrays.
n, >3 | (= SIZE(x_bkpts) ) the number of collocation points (break-points) in the interval [a; b;
n>1 | the number of PDEs in the system(SIZE(u) = n x ((n, — 1) x d+ 1));
Ninterp > 1 | the number of interpolation points in the interval [a; b];
ipe = 1; Or 2 | speci esthe interpolation to be performed:
if i+ype = 1, the solution at the interpolation points is computed,

if i;ype = 2, both the solution and its rst derivative at the interpolation
points are computed.

3.1 Mandatory Arguments

u(n x ((np —1) xd+ 1)) | real(kind=wp), intent(in)
Input: u(n x (j —1)+ i) cortains the computed solution U;(x;) to be interpolated, asreturned by
the procedurenag_pde_parab_ld.coll , fori = 1;2;:::;nandj = 1;2;:::;(ny — 1) x d+ 1.

x _bkpts( ny) | real(kind= wp), intent(in)
Input: the valuesof the break-points in the spacedirection. x_bkpts (1) must specify the left-hand
boundary, a, and x_bkpts (n;) must specify the right-hand boundary, b.
Constraints: x_bkpts (1) < x_bkpts (2) < --- < x_bkpts (ny).

deg_poly | integer, intent(in)
Input: the degreed of the Chebyshev polynomial to be usedin approximating the PDE solution
betweenead pair of break-points.
Constraints: 1 < deg_poly < 49.

comm _ode | type(nagpde parab_1d_comm.wp), intent(in)
Input: a structure containing data returned as an optional argumert (which should therefore be
preser) from the procedurenag_pde_parab_1d_coll .
Note: to reducethe risk of corrupting the data accidertally, the componerts of this structure are
private. If you wish to deallocate this storage when the structure is no longer required, you must
call the procedurenag_deallocate , asillustrated in Example 1 of this module documert.
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x_interp( Ninterp) | real(kind= wp), intent(in)
Input: must contain the spatial interpolation points.

Constraints: x_bkpts (1) < x_interp (1) < x.interp (2) < --- < xdnterp (Ninzerp) < X-bkpts (ny).
When iy,e = 2, x_interp (i) 7 x_bkpts (j), forany i = 1,2, . Nipgerp and j = 1210050y,

u_interp( n; Ninterp: ieype) | real(kind= wp), intent(out)
Output:
if izype = 1, uinterp (i,j,1) contains the value of the solution U;(x;) at the interpolation point
X; = xdnterp (j), fori=1,2::5;nandj = 1,2;:00 Nipterps
if itype = 2, uinterp (i,j,1) and u.interp (i,j,2) cortain respectively the value of the
solution U;(x;) and the derivative .
i=L2:nnandj = 12000 Ningerp.

(x;) at the interpolation point x; = x_interp (j), for

3.2 Optional Argument

error | type(nagerror), intent(inout), optional

The NAG fl90 error-handling argumert. Seethe Essetial Introduction, or the module documert
nag-error _handling (1.2). You are recommendedto omit this argumert if you are unsure how to
useit. If this argumen is supplied, it must be initialized by a call to nag_set _error before this
procedureis called.

4 Error Codes

Fatal errors (error%level = 3):
error%co de Description
301 An input argumert hasan invalid value.

302 An array argumert hasan invalid shape.

5 Examples of Usage

A complete example of the use of this procedureappearsin Example 2 of this module document.
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Procedure: nag_pde_parab_1d_cntrl_init

1 Description

nag_pde_parab_ld_cntrl _init assignsdefault valuesto the componens of a structure of the derived
type nag_pde_parab_1d_cntrl _wp.

2 Usage

USEnag_pde_parab_1d
CALL nag pde_parab _1d_cntrl _init(control)

3 Arguments
3.1 Mandatory Argument

control | type(nagpde_parab_1d_cntrl .wp), intent(out)

Output: a structure cortaining the default valuesof those parameterswhich corntrol the behaviour
of the algorithm and level of printed output. A description of its componerts is given in the
documert for the derived type nag_pde_parab _1d_cntrl _wp.

4 Error Codes

None.

5 Examples of Usage

Complete examplesof the use of this procedure appear in Examples 1 to 3 of this module documert.
The usermay nd other examplesin the additional examplessection (Examples 4, 5, 6, 7, 8 and 9).
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Derived Type: nag pde_parab_1d_comm _wp

Note. The names of derived types containing real/complex components are precision dependent. For double precision the
name of this type is nag-pde_parab_ld_comndp. For single precision the name is nag_-pde_parab _1d_commnsp. Please read
the Users’ Note for your implementation to check which precisions are available.

1 Description

The derived type nag_pde_parab_1ld_commwp is usedto communicate data neededby the underlying
ODE solver. The proceduresnag_pde_parab_1d_fd and nag_pde_parab_ld_coll returns a structure of
this type suitable for passingto:

the sameproceduresrespectively (to cortinue the time integration);

the interpolation procedure nag_pde_interp _ld_coll , only in the case of the Chebyshev C°
collocation method.

On a rst call to the procedurenag_pde_parab_1d_fd or nag_pde_parab_1d_coll , storageis dynamically
allocated to the pointer componerts of the structure. For details of the amourt of storageallocated see
the description of the optional argumert commode in the proceduredocumert for nag_pde_parab 1d_fd

or nag_pde_parab_1d_coll .

If you wish to deallocate the storagewhen the structure is no longer required, you must call the generic
deallocation procedure nag_deallocate , which is described in the module document nag.lib _support
(1.1).

The procedurenag_pde_parab_1d_fd or nag_pde_parab_1d_coll chedswhetherthe structure hasalready
had storage allocated to it in a previous call. If it has, that storageis deallocated before allocating
the storage required for the new call, only if the optional argumert first _call is presern and set
to .true. (seethe description of the optional argumert first _call in the procedure documen for
nag_pde_parab_1d_fd or nag_pde_parab_1d_coll ).

The componerts of this type are private.

2 Type Definition

type nag_pde_parab_1d_comnwp
private

end type nag_pde_parab_1d_commwp
3 Components

In order to reduce the risk of accidertal data corruption the componerts of this type are private and
may not be accessedlirectly.
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Derived Type: nag pde_parab_1d_cntrl wp

Note. The names of derived types containing real/complex components are precision dependent. For double precision the
name of this type is nag-pde_parab_ld_cntrl _dp. For single precision the name is nag_pde_parab _1d_cntrl _sp. Please read
the Users’ Note for your implementation to check which precisions are available.

1 Description
A structure of type nag_pde_parab_1d_cntrl _wp is usedto supply a number of optional parameters, for
examplethe level of printed output, or various algorithmic parameters.

If this structure is supplied then it must be initialized prior to use by calling the procedure
nag pde_parab_1d_cntrl _init , which assignsdefault valuesto all the structure componerts. You may
then assignrequired valuesto selectedcomponerts of the structure (as appropriate).

2 Type Definition

The public componerts are listed below; componerts are grouped according to their function. A full
description of the purposeof eadh componert is givenin Section 3.

type nag_pde_parab_ld_cntrl _wp
! Printing parameters

integer :  unit
integer ::  print _level _ode
integer :: print _level _remesh

!
I Algorithm choice

logical : 12 _norm

character :  matrix _type
integer :: task

logical :: methodhbdf

integer :  bdf_maxord

logical :  bdf_newton_it

logical :  bdf_petzold _test
real(kind= wp) :: theta

logical : theta _newton.it
logical :: theta _switch
real(kind= wp) : t_crit
real(kind= wp) :: step _size _min
real(kind= wp) :: step _size _max
real(kind= wp) :: step _size _nit
integer :  numstep _max

logical :  modnewton._it
real(kind= wp) :: first _piv jac
real(kind= wp) :: rel _piv _thr

end type nag_pde_parab_1d_cntrl _wp

3 Components

3.1 Printing Parameters

unit | integer
Species the Fortran unit number to which all output produced by the procedures
nag pde_parab_1d_fd or nag pde_parab_1d_coll is sert.

Default: unit = the default Fortran output unit number for your implemertation.
Constraints: unit > O.
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prin t level_ode | integer

the level of diagnostic information required from the procedure nag_pde_parab_1dfd or
nag-pde_parab_1d_coll andthe underlying ODE solver. The following output is sen to the Fortran
unit number de ned by the optional argumert unit :

if print _level _ode < —1, no ouput is generated;
if print _level _ode = 0, only warning messagegrom the PDE solver are generated;

if print _level _ode= 1, the output from the underlying ODE solwer is generated. This output
contains details of Jacobian ertries, the nonlinear iteration and the time integration during
the computation of the ODE system;

if print _level _ode > 2, the similar output to that produced when print _level ode = 1is
generatedin greater detail. Inexperiencedusersare advisedto set print _level _ode = 0.

Default: print _level _ode= —1.

prin t level_remesh | integer

the level of print information regarding the adaptive remeshing. The following output is sert to
the Fortran unit number de ned by the optional argumert unit :

if print _level _remesh= 0, no output is generated;
if print _level _ode = 1, brief summary of mesh characteristics;

if print _level _ode = 2, more detailed information, including old and new meshpoints, mesh
sizesand monitor function values.

Constraints:

print _level _remeshshould not be di®erert from the default value unlessremeshingis to be
performedi.e., remeshis present with value .true.

0 < print _level remesh< 2.

Default: print _level _remesh= 0.

3.2 Algorithm Options

I2_norm | logical
indicates the type of norm to be usedfor the error test to be satis ed:
if 12 _norm= .false. , maximum norm,
if 12 _norm= .true. , averagelL, norm.
Default: 12 _norm= .false.
Note: if Uy,orm denotesthe norm of the vector U of length n x n,, + p, then the averageL > norm is:

1 nXnytp
Unorm = - . - Z (Uzzwl)zv
+
nxn,+p 4
while the maximum norm is:

U’rw’r”rn = m7aX |Ui:Wi|:

Seethe description of the optional argumerts rel _loc _tol and abs_loc _tol for the formulation of
the weight vector w = {W; }i=1 2 _..(nxn,+p)-
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matrix _type| character(len=1)
the type of the matrix algebrarequired. The possiblechoicesare:
if matrix _type = °F° or °f° , full matrix proceduresto be used,
if matrix _type = °B° or °b°, banded matrix proceduresto be used,
if matrix _type = °S° or °s°, sparsematrix proceduresto be used.
Constraints: matrix _type = °F°, °f° , °B°, °b°, °S°, or °s°.
Default: matrix _type = °b°.

Note: the useris recommendedto usethe banded option when no coupled ODEs are presen (i.e.,
numode = p = 0).

task | integer

speci es the task to be performed by the underlying ODE integrator. The permitted valuesof task
and their meaningsare detailed below:

if task = 1, normal computation of output valuesU at t = t_end (by overshooting and
interpolation);

if task = 2, one step and return;
if task = 3, stop at rst internal integration point at or beyond t = t _end,

if task = 4, normal computation of output valuesU at t = t _end but without overshaoting
t = teri, Wheret,,.;; is described under the componert t _crit ;

if task = 5, take one step in the time direction and return, without passingt.,;;, wheret,,;;
is described under the componert t _crit .

Constraints: 1 < task < 5.
Default: task = 1.

metho d_bdf | logical
selectsthe ODE integration method to be used:
if method bdf = .true. , a BDF method is used;
if method bdf = .false. , a Theta method is used.
Default: method bdf = .true.

Note: if method bdf = .true. , then theta , theta _newton_t and theta _switch are not used. If
method bdf = .false. , then bdf _maxord, bdf _-newton.it and bdf petzold _test are not used.

bdf _max _ord | integer

speci es the maximum order of the BDF integration formula to be used.
Constraints: 1 < bdf _maxord < 5.

Default: bdf _maxord = 5.

bdf _newton _it | logical

speci es what method is to be usedto solve the systemof non-linear equationsarising on eac step
of the BDF method:

if bdf _newton_it = .true. , a modi ed Newton iteration is used;
if bdf _newton_it = .false. , afunctional iteration is used.
Default: bdf _newton.it = .true.

Note: if method bdf = .false. , i.e., afunctional iteration is selectedand the integrator encourters
ditcult y, then there is an automatic switch to the modi ed Newton iteration.
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bdf _petzold _test | logical

speci es whether or not the Petzold error test is to be employed. The Petzold error test results in
extra overhead but is more suitable when algebraic equations are presen, such asP; ; = 0:0, for
j = 1,2;:::;n; for somei or when there is no \;(t) dependencein the coupled ODE system.

If bdf petzold _test = .true. , then the Petzold test is used;
if bdf _petzold _test = .false. , then the Petzold test is not used.
Default: bdf _petzold _test = .true.

theta | real(kind= wp)

speci es the value of Theta to be usedin the Theta integration method.
Constraints: 0:51 < theta < 0:99.

Default: theta = 0:55.

theta _newton _it | logical

speci es what method is to be usedto solve the systemof non-linear equationsarising on eac step
of the Theta method.

If theta _newton.it .true. , then a modi ed Newton iteration is used;
if theta _newton.it = .false. , then a functional iteration is used.
Default: theta _newton.it = .true.

theta _switc h | logical

speci es whether or not the integrator is allowed to switch automatically betweenmodi ed Newton
and functional iteration methods in order to be more etcient.

If theta _switch .true. , then switching is allowed,;
if theta _switch = .false. , then switching is not allowed.
Default: theta _switch = .true.

t_crit | real(kind=wp)
speci es a point in the time direction, t.,.;;, beyond which integration must not be attempted. The
use of t.,.;; is described under the componert task. A value of 0:0 for t crit , say, should be
speci ed ewen if task subsequetly speci esthat t..;; will not be used.
Default: t _crit = 0:0.

step _size_min | real(kind=wp)
speci es the minimum absolute step sizeto be allowed in the time integration.
Default: step _size _min = 0:0.

step _size_max | real(kind=wp)

speci es the maximum absolute step sizeto be allowed in the time integration.
Default: step _size _-max= 0:0.

step _size_init | real(kind=wp)
speci es the initial step sizeto be attempted by the integrator. If step _size _ini = 0:0, then the

initial step sizeis calculated internally.
Default: step _size _init = 0:0.

num _step _max | integer

speci es the maximum number of stepsto be attempted by the integrator in any one call. If
numstep -max= 0, then no limit is imposed.
Default: numstep _max= 0.
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mod_newton _it | logical
speci es what method is to be usedto solve the non-linear equationsat the initial point to initialise

the value of U, % V, and \L.

If modnewton_it = .true. , a modi ed Newton iteration is used;
false. , afunctional iteration is used.
Default: modnewton.it = .true.

if modnewton_it

‘rst _piv _jac | real(kind= wp)
governs the choice of pivots during the decomposition of the “rst Jacobian matrix. It should lie
in the range 0:0 < first _piv _jac (29) < 1:0, with smaller values biasing the algorithm towards
maintaining sparsity at the expenseof numerical stability.
Default: first _piv jac = 0:1.
Note: if first _piv _jac lies outside this range then default value is used. If the procedureregards
the Jacobian matrix as numerically singular then increasingfirst _piv jac towards 1:0 may help,
but at the cost of increasing Tl-in.

rel _piv _thr | real(kind= wp)
is used as a relative pivot threshold during subsequen Jacobian decompositions (See componert
first _piv _jac ) below which an internal error is invoked. rel _piv _thr must be greater than zero,
otherwise the default value is used. If rel _piv _thr is greater than 1:0 no ched is made on the
pivot size, and this may be a necessaryoption if the Jacobianis found to be numerically singular
(seecomponert first _piv _jac).
Default: rel _piv _thr = 0:0001.
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Example 1: Elliptic-parabolic PDEs Solved Using
Finite Difference Scheme and the BDF Method

The example below, given in Dew and Walsh [5], consists of an elliptic-parab olic pair of PDEs. The
problem was originally derived from a single third-order in spacePDE. The elliptic equation is

1@/ ,@h\ _ @l
F@(r 6) } 4®<”2* r@)

and the parabolic equation is

(1- rz)@ _1@ (r <@ - U2U1>>

@ ro @
where (r; t) € [0; 1] x [0; 1]. The boundary conditions are given by
U = %:Oatr=0;
and

g(rul)z OandU,=0atr = 1:

The “rst of these boundary conditions implies that the °ux term in the secondPDE, (% — uzul),

iszeroatr = 0.

The initial conditions at t = 0 are given by;
U; = 2@ and U, = 1.0; forr € [0; 1]:

The value ® = 1 was usedin the problem de nition. A meshof 20 points was usedwith a circular mesh
spacingto cluster the points towards the right-hand side of the spatial interval, r = 1.

1 Program Text

Note. The listing of the example program presented below is double precision. Single precision users are referred to
Section 5.2 of the Essential Introduction for further information.

MODULRBRag_pde_parab_1d_ex01_mod

I .. Implicit None Statement ..
IMPLICIT NONE

I .. Default Accessibility

PUBLIC

I .. Intrinsic Functions

INTRINSIC KIND

I .. Parameters ..
INTEGER,PARAMETER wp = KIND(1.0D0)

CONTAINS

SUBROUTINEde_coef(t,x,u,du_dx,p,q,r,finish,v,vdot,i_comm,r_comm)
! .. Implicit None Statement ..
IMPLICIT NONE
! .. Scalar Arguments ..
INTEGER,INTENT(OUT) :: finish
REAL(wp), INTENT(IN) : t, X
! .. Array Arguments ..
INTEGER,OPTIONAL,INTENT(IN) :: i_comm()
REAL(wp), INTENT(IN) : du_dx(:), u()
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REAL(wp), INTENT(OUT) :: p(,),
REAL(wp), OPTIONAL,INTENT(IN)
! .. Local Scalars

REAL(wp) :: alpha

I .. Executable Statements ..
alpha = r_comm(1)

aC),  rC)

r_comm(:),

v(),

finish =1

q(1)
q(2)
r(1)
r2)
p(1,1:2)
p(2,1)

p(2,2)

ENDSUBROUTINgte_coef

4.0_wp*alpha*(u(2)+x*du_dx(2))
0.0_wp

x*du_dx(1)

du_dx(2) - u(1)*u(2)

= 0.0_wp

0.0_wp

1.0_wp - X*X

Partial Differential Equations (PDE’s)

vdot(:)

SUBROUTINEbund_cond(t,u,du_dx,bound,beta,gamma,finish,v,vdot,i_comm, &

r_comm)

! .. Implicit None Statement ..

IMPLICIT NONE

! .. Scalar Arguments ..

INTEGER,INTENT(IN) bound
INTEGER,INTENT(OUT) :: finish

REAL(wp), INTENT(IN) :: t

I .. Array Arguments ..
INTEGER,OPTIONAL,INTENT(IN) i_comm(:)
REAL(wp), INTENT(OUT) :: beta(:), gamma(:)
REAL(wp), INTENT(IN) du_dx(:), u()
REAL(wp), OPTIONAL,INTENT(IN) r_comm(:),
I .. Executable Statements ..

V()

finish =1

IF (bound==0) THEN
beta(1:2) = (/ 0.0_wp, 1.0_wp/)
gamma(1) = u(1)
gamma(2) = -u(1)*u(2)

ELSE
beta(1:2) = (/ 1.0_wp, 0.0_wp/)
gamma(1:2) = -u(1:2)

ENDIF

ENDSUBROUTINound_cond

SUBROUTINiBit_value(x_pde,u,x_ode,v,i_comm,r_comm)
! .. Implicit  None Statement ..
IMPLICIT NONE
I .. Intrinsic
INTRINSIC SIZE
I .. Array Arguments ..
INTEGER,OPTIONAL,INTENT(IN)
REAL(wp), OPTIONAL,INTENT(IN)
REAL(wp), INTENT(OUT) :: u(:,:)
REAL(wp), OPTIONALINTENT(OUT) = v(3)
REAL(wp), INTENT(IN) x_pde(:)
! .. Local Scalars
INTEGER: npts_pde
REAL(wp) :: alpha
I .. Executable Statements ..

Functions

i_comm(:)
r_comm(:),
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alpha = r_comm(1)
npts_pde = SIZE(x_pde)

u(1,1:npts_pde)
u(2,1:npts_pde)

2.0_wp*alpha*x_pde(1:npts_pde)
1.0_wp

ENDSUBROUTINBIt_value
ENDMODULBag_pde_parab_1d_ex01_mod
PROGRAMNg_pde_parab_1d_ex01

I Example Program Text for nag_pde_parab_1d
I NAGflI90, Release 4. NAGCopyright 2000.

I .. Use Statements ..

USEnag_examples_io, ONLY: nag_std_out
USEnag_math_constants, ONLY: nag_pi
USEnag_pde_parab_1d, ONLY: nag_pde_parab_1d_comm_wp> &
nag_pde_parab_1d_comm_dpnag_pde_parab_1d_cntrl_wp => &
nag_pde_parab_1d_cntrl_dp, nag_pde_parab_1d_cntrl_init, &
nag_pde_parab_1d_fd, nag_pde_interp_1d fd, nag_deallocate

USEnag_pde_parab_1d_ex01_mod,ONLY: pde_coef, bound_cond, init_value,

wp

I .. Implicit None Statement ..

IMPLICIT NONE

I .. Intrinsic Functions

INTRINSIC EPSILON, MAX, REAL, SIN, SQRT
I .. Parameters ..

INTEGER,PARAMETER itype = 1, ninterp = 6, npde = 2, npts_pde = 20

REAL(wp), PARAMETER x_interp(ninterp) =(/ 0.0_wp, 0.4_wp, 0.6_wp, &

0.8_wp, 0.9 wp, 1.0_wp/)
I .. Local Scalars

INTEGER: i, it, num_jac_eval, num_resid_eval, num_time_iter,

num_time_step

REAL(wp) : acc, alpha, hx, pi, piby2, t end, t_start
LOGICAL: first_call

CHARACTER) : coord_sys
TYPE(nag_pde_parab_1d_comm_wp): comm_ode
TYPE(nag_pde_parab_1d_cntrl_wp) :: control

I .. Local Arrays ..

REAL(wp) :: abs_loc_tol(npde*npts_pde), rel_loc_tol(npde*npts_pde),

r_comm(1), u(npde*npts_pde), u_interp(npde,ninterp,itype),
x_pde(npts_pde)

I .. Executable Statements ..

WRITE(nag_std_out,*) &

' Example Program Results for nag_pde_parab_1d_ex01'

pi = nag_pi(0.0_wp)
piby2 = 0.5_wp*pi

I Set initial conditions

alpha = 1.0_wp

acc = MAX(SQRT(EPSILON(alpha)),1.0E-4_wp)
hx = piby2/REAL((npts_pde-1),kind=wp)

t start = 0.0_wp

t end = 0.1E-4_wp

first_call = .TRUE.

coord_sys ='P'

r_comm(1l) = alpha
rel_loc_tol = acc
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abs_loc_tol = acc
I Set spatial mesh points

x_pde(1) = 0.0_wp
x_pde(npts_pde) = 1.0_wp

DOi =2, npts_pde - 1
x_pde(i) = SIN(hx*REAL((i-1),kind=wp))
ENDDO

WRITE(nag_std_out,999) acc, alpha
WRITE(nag_std_out,998) (x_interp(i),i=1,6)

I Initialize the structure control and set required control parameters
CALLnag_pde_parab_1d_cntrl_init(control)

control%l2_norm = .TRUE.

DOit =1, 5
t_end = 10.0_wp*t_end
CALLnag_pde_parab_1d_fd(pde_coef,bound_cond,init_value,t_start,t_end, &
x_pde,u,first_call=first_call,comm_ode=comm_ode,coord_sys=coord_sys , &
rel_loc_tol=rel_loc_tol,abs_loc_tol=abs_loc_tol,control=control, &

num_time_step=num_time_step,num_resid_eval=num_resid_eval, &
num_jac_eval=num_jac_eval,num_time_iter=num_time_iter,r_comm=r_comm )

first_call = .FALSE.
! Interpolate  at required spatial points

CALLnag_pde_interp_1d_fd(u,x_pde,x_interp,u_interp, &
coord_sys=coord_sys)

WRITE(nag_std_out,996) t_end, u_interp(1,1:ninterp,1)
WRITE(nag_std_out,995) u_interp(2,1:ninterp,1)
ENDDO

I Free structure comm_ode allocated by NAGfI90
CALLnag_deallocate(comm_ode)

I Print integration  statistics

WRITE(nag_std_out,997) num_time_step, num_resid_eval, num_jac_eval, &
num_time_iter

999 FORMAT/" Accuracy requirement = 'E12.5/" Parameter ALPHA=, &
' "E12.3/)

998 FORMAT T / X '6F8.4))

997 FORMAT Numberof integration steps in time &
14/  Numberof residual evaluations of resulting ODEsys' 'tem’, &
14/'  Numberof Jacobian evaluations &
14"  Numberof iterations of nonlinear solve','r "14/)

996 FORMATLX,F6.4, U(1),6F8.4)
995 FORMATBX,'U(2)',6F8.4/)

ENDPROGRAMNg_pde_parab_1d_ex01
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2 Program Data

None.

3 Program Results

Example Program Results for

Accuracy requirement

Parameter ALPHA=

T/ X

0.0001 U(1)
u(2)

0.0010 U(1)
u(2)

0.0100 U(1)
u(2)

0.1000 U(1)
u(2)

1.0000 U(1)
u(2)

0.0000

0.0000
0.9997

0.0000
0.9969

0.0000
0.9627

0.0000
0.5470

0.0000
0.0007

Numberof integration
Numberof residual

Numberof Jacobian evaluations
Numberof iterations

[NP3506/4]
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= 0.10000E-03

0.4000

0.8008
0.9995

0.7982
0.9952

0.7676
0.9495

0.3910
0.4303

0.0005
0.0005

steps

evaluations

of nonlinear

0.6000

1.1988
0.9994

1.1940
0.9937

1.1238
0.8752

0.5011
0.2999

0.0006
0.0003

in time

0.100E+01

0.8000

1.5990
0.9988

1.5841
0.9483

1.3548
0.5545

0.5302
0.1482

0.0006
0.0002

of resulting

solver

Module 13.3:

0.9000

1.7958
0.9664

1.7179
0.6389

1.3639
0.2914

0.5126
0.0726

0.0006
0.0001

1.0000

1.8483
-0.0000

1.6735
-0.0000

1.2834
-0.0000

0.4749
-0.0000

0.0005
-0.0000

35
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Example 2: Elliptic-parabolic PDEs Solved Using
Collocation Scheme and the BDF Method

The problem consists of a fourth-order PDE which can be written as a pair of second-orderelliptic-
parabolic PDEs for Ui(x;t) and U, (x; t),

@u
0= @21 — U2,
@, _ @y, @ Q@

@ @ Ta Y&

where —1 < x < 1landt > 0. The boundary conditions are given by

@
@lz OandU; = 1latx = —1; and
@
@lz OandU; = —latx = 1:
The initial conditions at t = 0 are given by
X YR Yx
U = —sm? and U, = Zsm7.

The absenceof boundary conditions for U, (x; t) doesnot poseany ditculties provided that the derivative

°ux boundary conditions are assignedto the ‘rst PDE which hasthe correct °ux, @ The conditions

on U;i(x;t) at the boundaries are assignedto the secondPDE by setting , = 0:0 in the boundary
condition equation (6) (seethe procedurenag _pde parab_1d_coll documen) and placing the Diric hlet
boundary conditions on U;(x; t) in the function °».

1 Program Text

Note. The listing of the example program presented below is double precision. Single precision users are referred to
Section 5.2 of the Essential Introduction for further information.

MODULRBRag_pde_parab_1d_ex02_mod

I .. Implicit None Statement ..
IMPLICIT NONE

I .. Default Accessibility

PUBLIC

I .. Intrinsic Functions

INTRINSIC KIND

I .. Parameters ..
INTEGER,PARAMETER wp = KIND(1.0D0)

CONTAINS

SUBROUTINEde_coef(t,x,u,du_dx,p,q,r,finish,v,vdot,i_comm,r_comm)
! .. Implicit None Statement ..

IMPLICIT NONE

I .. Intrinsic  Functions

INTRINSIC SIZE

I .. Scalar Arguments ..

INTEGER,INTENT(OUT) :: finish

REAL(wp), INTENT(IN) :: t

I .. Array Arguments ..
INTEGER,OPTIONAL,INTENT(IN) :: i_comm()
REAL(wp), INTENT(IN) : du_dx(,:), u(:,?), x(:)
REAL(wp), INTENT(OUT) :: p(:,:,2), ac:,:), r(;,:)
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REAL(wp), OPTIONAL,INTENT(IN) :: r_comm(:), v(:), vdot(:)
! .. Local Scalars

INTEGER: nptl

I .. Executable Statements ..
nptl = SIZE(x)

finish =1

q(1,1:nptl) = u(2,1:nptl)
q(2,1:nptl) = u(1,1:nptl)*du_dx(2,1:nptl) - du_dx(1,1:npth)*u(2,1:nptl &
)

r(1,1:nptl) = du_dx(1,1:nptl)
r(2,1:nptl) = du_dx(2,1:nptl)
p(1,1,1:nptl) = 0.0_wp
p(1,2,1:nptl) = 0.0_wp
p(2,1,1:nptl) = 0.0_wp
p(2,2,1:nptl) = 1.0_wp

ENDSUBROUTINgtle_coef

SUBROUTINEound_cond(t,u,du_dx,bound,beta,gamma,finish,v,vdot,i_comm, &
r_comm)

I .. Implicit None Statement ..

IMPLICIT NONE

I .. Scalar Arguments ..

INTEGER,INTENT(IN) : bound

INTEGER,INTENT(OUT) :: finish

REAL(wp), INTENT(IN) : t

I .. Array Arguments ..

INTEGER,OPTIONALINTENT(IN) :: i_comm()

REAL(wp), INTENT(OUT) :: beta(:), gammalf()

REAL(wp), INTENT(IN) : du_dx(:), u()

REAL(wp), OPTIONAL,NTENT(IN) : r_comm(), v(:), vdot(:)
I .. Executable Statements ..

finish =1
beta(1:2) = (/ 1.0_wp, 0.0_wp/)
gamma(1)= 0.0_wp

IF (bound==0) THEN
gamma(2)= u(l) - 1.0_wp
ELSE
gamma(2)= u(l) + 1.0_wp
ENDIF

ENDSUBROUTINound_cond

SUBROUTINiBit_value(x,u,v,i_comm,r_comm)
! .. Implicit None Statement ..
IMPLICIT NONE
I .. Intrinsic  Functions
INTRINSIC SIN, SIZE
I .. Array Arguments ..
INTEGER,OPTIONALINTENT(IN) : i _comm(:)
REAL(wp), OPTIONAL,JINTENT(IN) : r_comm(:)
REAL(wp), INTENT(OUT) :: u(:,:)
REAL(wp), OPTIONALINTENT(OUT) = v(3)
REAL(wp), INTENT(IN) : x(:)
! .. Local Scalars
INTEGER: npts_pde
REAL(wp) :: piby2
I .. Executable Statements ..
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piby2 = r_comm(1)
npts_pde = SIZE(X)

u(1,1:npts_pde)
u(2,1:npts_pde)

ENDSUBROUTINBit_value

ENDMODULBag_pde_parab_1d_ex02_mod
PROGRAMNg_pde_parab_1d_ex02

-SIN(piby2*x(1:npts_pde))
-piby2*piby2*u(1,1:npts_pde)

[NP3506/4]

I Example Program Text for nag_pde_parab_1d

I NAGflI90, Release 4. NAGCopyright 2000.

I .. Use Statements ..
USEnag_examples_io, ONLY: nag_std_out
USEnag_math_constants, ONLY: nag_pi

USEnag_pde_parab_1d, ONLY: nag_pde_parab_1d_comm_wp> &
nag_pde_parab_1d_comm_dpnag_pde_parab_1d_cntrl_wp => &
nag_pde_parab_1d_cntrl_dp, nag_pde_parab_1d_cntrl_init, &

nag_pde_parab_1d_coll, nag_pde_interp_1d_caoll,
USEnag_pde_parab_1d_ex02_mod,ONLY: pde_coef, bound_cond, init_value,

wp

I .. Implicit None Statement ..
IMPLICIT NONE
I .. Intrinsic
INTRINSIC REAL
I .. Parameters ..

INTEGER,PARAMETER deg_poly = 3, itype
npts_bk = 10

INTEGER,PARAMETER nel = npts_bk - 1
INTEGER,PARAMETER npts = nel*deg_poly
REAL(wp), PARAMETER x_interp(ninterp)
-0.2_wp, 0.2_wp, 0.6_wp, 1.0_wp/)

I .. Local Scalars

Functions

INTEGER: i, it, num_jac_eval, num_resid_

num_time_step
REAL(wp) : acc, pi, piby2, t end, t start
LOGICAL: first_call

nag_deallocate

+1
=(/ -1.0_wp, -0.6_wp,
eval, num_time_iter, &

TYPE(nag_pde_parab_1d_comm_wp): comm_ode

TYPE(nag_pde_parab_1d_cntrl_wp) : control
I .. Local Arrays ..

REAL(wp) :: abs_loc_tol(npde*npts),
u(npde*npts), u_interp(npde,ninterp,itype),
I .. Executable Statements ..
WRITE(nag_std_out,*) &

rel_loc_tol(npde*npts),

x_bkpts(npts_bk)

Example Program Results for nag_pde_parab_1d_ex02'

pi = nag_pi(0.0_wp)
piby2 = 0.5_wp*pi

I Set initial conditions and accuracy
t_start = 0.0_wp

acc = 1.0E-4_wp

t end = 0.1E-4_wp

first_call = .TRUE.
r_comm(1) = piby2
rel_loc_tol = acc
abs_loc_tol = acc

I Set the break-points

Module 13.3:
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DOi =1, npts_bk
x_bkpts(i) = -1.0_ wp + 2.0_wp*REAL((i-1),kind=wp)/REAL((npts_bk-1), &
kind=wp)

ENDDO

WRITE(nag_std_out,999) deg_poly, nel

WRITE(nag_std_out,998) acc, npts

WRITE(nag_std_out,997) x_interp(1:ninterp)

I Initialize the structure control and set required control parameters
CALLnag_pde_parab_1d_cntrl_init(control)

control%l2_norm = .TRUE.

DOit =1, 5
t end = 10.0_wp*t_end

CALLnag_pde_parab_1d_coll(pde_coef,bound_cond,init_value,deg_poly, &
t_start,t_end,x_bkpts,u,first_call=first_call,comm_ode=comm_ode, &
rel_loc_tol=rel_loc_tol,abs_loc_tol=abs_loc_tol,control=control, &
num_time_step=num_time_step,num_resid_eval=num_resid_eval, &
num_jac_eval=num_jac_eval,num_time_iter=num_time_iter,r_comm=r_comm )

first_call = .FALSE.
I Interpolate  at required spatial points

CALLnag_pde_interp_1d_coll(u,x_bkpts,deg_poly,comm_ode,x_interp, &
u_interp)

WRITE(nag_std_out,996) t_end, u_interp(1,1l:ninterp,1)
WRITE(nag_std_out,995) u_interp(2,1:ninterp,1)
ENDDO

I Free structure comm_ode allocated by NAGfI90
CALLnag_deallocate(comm_ode)
I Print integration  statistics

WRITE(nag_std_out,994) num_time_step, num_resid_eval, num_jac_eval, &
num_time_iter

999 FORMAT Polynomial degree ='l4; No. of elements = '4)

998 FORMAT Accuracy requirement = 'E9.3/ Numberof points = ",15/)
997 FORMAT T/ X '6F8.4/)

996 FORMATLX,F6.4, U(1),6F8.4)

995 FORMATX,'U(2)',6F8.4/)

994 FORMAT Numberof integration steps in time &
14/ Numberof residual evaluations of resulting ODEsys' 'tem/, &
14"  Numberof Jacobian evaluations &
14"  Numberof iterations of nonlinear solve','r "14/)

ENDPROGRAMNg_pde_parab_1d_ex02

2 Program Data

None.
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3 Program Results

Example Program Results for
degree
Accuracy requirement

Polynomial

T/ X

0.0001 U(1)
u(2)

0.0010 U(1)
u(2)

0.0100 U(1)
u(2)

0.1000 U(1)
u(2)

1.0000 U(1)
u(2)

-1.0000

1.0000
-2.4850

1.0000
-2.5597

1.0000
-2.6961

1.0000
-2.9021

1.0000
-2.9233

Numberof integration
Numberof residual

Numberof Jacobian evaluations
Numberof iterations
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3 No. of elements

nag_pde_parab_1d_ex02

= 0.100E-03 Numberof

-0.6000

0.8090
-1.9957

0.8085
-1.9913

0.8051
-1.9481

0.7951
-1.8339

0.7939
-1.8247

steps

evaluations

of nonlinear

-0.2000

0.3090
-0.7623

0.3088
-0.7606

0.3068
-0.7439

0.2985
-0.6338

0.2972
-0.6120

in time

0.2000

-0.3090
0.7623

-0.3088
0.7606

-0.3068
0.7439

-0.2985
0.6338

-0.2972
0.6120

of resulting

solver
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9
points =

0.6000

-0.8090
1.9957

-0.8085
1.9913

-0.8051
1.9481

-0.7951
1.8339

-0.7939
1.8247

28

1.0000

-1.0000
2.4850

-1.0000
2.5597

-1.0000
2.6961

-1.0000
2.9021

-1.0000
2.9233

15

ODEsystem 154

7
40
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Example 3: Coupled PDE/ODE System Solved Using
Finite Difference Scheme and the BDF Method

This problem consistsof a simple coupled system of one PDE and one ODE.

@ @ _@u
@] @ @2’

fort e [10‘4;0:1 x 20; fori= 1;2;:::;5; x € [0;1].
The left boundary condition at x = 0 is

@

= —\Vye”:
@ 1
The right boundary condition at x = 1is
@),
- = V.
& 1\

The initial conditions at t = 10~* are de ned by the exact solution:
Vi = t; and Up(x;t) = €@ —1:0; x € [0;1];

and the coupling point is at » = 1:0.

1 Program Text

Note. The listing of the example program presented below is double precision. Single precision users are referred to
Section 5.2 of the Essential Introduction for further information.

MODULRBRag_pde_parab_1d_ex03_mod

I .. Implicit None Statement ..
IMPLICIT NONE

I .. Default Accessibility

PUBLIC

I .. Intrinsic Functions

INTRINSIC KIND

I .. Parameters ..
INTEGER,PARAMETER wp = KIND(1.0D0)

CONTAINS

SUBROUTINgEde_coef(t,x,u,du_dx,p,q,r,finish,v,vdot,i_comm,r_comm)
I .. Implicit None Statement ..
IMPLICIT NONE
I .. Scalar Arguments ..
INTEGER,INTENT(OUT) :: finish
REAL(wp), INTENT(IN) : t, X
! .. Array Arguments ..
INTEGER,OPTIONALINTENT(IN) :: i_comm()
REAL(wp), INTENT(IN) : du_dx(:), u()
REAL(wp), INTENT(OUT) :: p(,), a), rC)
REAL(wp), OPTIONAL,JINTENT(IN) : r_comm(), v(:), vdot(:)
I .. Executable Statements ..

finish =1
q(1) -x*du_dx(1)*v(1)*vdot(1)
r(1) du_dx(1)
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p(1,1) = v(1)*v(1)
ENDSUBROUTINjile_coef

SUBROUTINEound_cond(t,u,du_dx,bound,beta,gamma,finish,v,vdot,i_comm,
r_comm)

! .. Implicit None Statement ..

IMPLICIT NONE

! .. Intrinsic Functions

INTRINSIC EXP

! .. Scalar Arguments ..

INTEGER,INTENT(IN) : bound

INTEGER,INTENT(OUT) :: finish

REAL(wp), INTENT(IN) :: t

I .. Array Arguments ..

INTEGER,OPTIONAL,INTENT(IN) :: i_comm()

REAL(wp), INTENT(OUT) :: beta(:), gamma(:)

REAL(wp), INTENT(IN) : du_dx(:), u()

REAL(wp), OPTIONAL,INTENT(IN) : r_comm(:), v(:), vdot(:)
I .. Executable Statements ..

finish =1

beta(1) = 1.0_wp
IF (bound==0) THEN
gamma(l) = -v(1)*EXP(t)
ELSE
gamma(l) = -v(1)*vdot(1)
ENDIF

ENDSUBROUTINound_cond

SUBROUTINiBit_value(x_pde,u,x_ode,v,i_comm,r_comm)
! .. Implicit None Statement ..
IMPLICIT NONE
! .. Intrinsic  Functions
INTRINSIC EXP, SIZE
I .. Array Arguments ..
INTEGER,OPTIONAL,INTENT(IN) :: i_comm()
REAL(wp), OPTIONAL,INTENT(IN) : r_comm(:), x_ode(:)
REAL(wp), INTENT(OUT) :: u(:,:)
REAL(wp), OPTIONALINTENT(OUT) = v(3)
REAL(wp), INTENT(IN) : x_pde(:)
! .. Local Scalars
INTEGER: npts_pde
REAL(wp) :: t_start
I .. Executable Statements ..
t_start = r_comm(1)
npts_pde = SIZE(x_pde)

u(1,1l:npts_pde) = EXP(t_start*(1.0_wp-x_pde(1:npts_pde))) - 1.0_wp

v(l) =t _start
ENDSUBROUTINBit_value

SUBROUTIN&de_coef(t,v,vdot,x_ode,ucp,ducp_dx,rcp,ducp_dt,d2ucp_dtdx,f,
finish,g_in_f,i_comm,r_comm)
I .. Implicit None Statement ..
IMPLICIT NONE
I .. Scalar Arguments ..
INTEGER,INTENT(OUT) :: finish
REAL(wp), INTENT(IN) :: t
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LOGICAL,OPTIONALINTENT(IN) :: g_in_f

I .. Array Arguments ..

INTEGER,OPTIONAL,INTENT(IN) :: i_comm()

REAL(wp), INTENT(IN) : d2ucp_dtdx(:,:), ducp_dt(:,:), ducp_dx(:,}), &
rep(:,:), ucp(:,’), v(:), vdot(:), x_ode(:)

REAL(wp), INTENT(OUT) :: f(:)

REAL(wp), OPTIONALINTENT(IN) : r_comm()

I .. Executable Statements ..

IF (g_in_f) THEN
f(1) = vdot(l) - v(1)*ucp(1,1) - ducp_dx(1,1) - 1.0 wp - t

finish =1
ELSE

f(1) = vdot(1)

finish = -1
ENDIF

ENDSUBROUTINa&te_coef

SUBROUTIN&act_sol(t,x_pde,exact_u)
I .. Implicit None Statement ..
IMPLICIT NONE
I .. Intrinsic Functions
INTRINSIC EXP, SIZE
I .. Scalar Arguments ..
REAL(wp), INTENT(IN) :: t
I .. Array Arguments ..

REAL(wp), INTENT(OUT) :: exact_u(:)
REAL(wp), INTENT(IN) : x_pde(:)

I .. Local Scalars

INTEGER: npts_pde

I .. Executable Statements ..
npts_pde = SIZE(x_pde)

exact_u(l:npts_pde) = EXP(t*(1.0_wp-x_pde(1:npts_pde))) - 1.0_wp
ENDSUBROUTIN&act_sol

ENDMODULBag_pde_parab_1d_ex03_mod
PROGRAMNg_pde_parab_1d_ex03

I Example Program Text for nag_pde_parab_1d
I NAGflI90, Release 4. NAGCopyright 2000.

I .. Use Statements ..

USEnag_examples_io, ONLY: nag_std_out

USEnag_pde_parab_1d, ONLY: nag_pde_parab_1d_comm_wp> &
nag_pde_parab_1d_comm_dpnag_pde_parab_1d_cntrl_wp => &
nag_pde_parab_1d_cntrl_dp, nag_pde_parab_1d_cntrl_init, &
nag_pde_parab_1d_fd, nag_deallocate

USEnag_pde_parab_1d_ex03_mod,ONLY: pde_coef, bound_cond, init_value, &
ode_coef, exact_sol, wp

I .. Implicit None Statement ..

IMPLICIT NONE

I .. Intrinsic Functions
INTRINSIC REAL

I .. Parameters ..
INTEGER,PARAMETER npde
INTEGER,PARAMETER neqn
I .. Local Scalars
INTEGER: i, it, num_jac_eval, num_resid_eval, num_time_iter, &
num_time_step

1, npts_ode = 1, npts_pde = 21, num_ode= 1
npde*npts_pde + num_ode
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REAL(wp) :: acc, t_end, t_start

LOGICAL: first_call

TYPE(nag_pde_parab_1d_comm_wp): comm_ode
TYPE(nag_pde_parab_1d_cntrl_wp) : control

I .. Local Arrays ..

REAL(wp) :: abs_loc_tol(neqn), exact_u(npde*npts_pde), &
rel_loc_tol(neqn), r_comm(1l), u(neqgn), x_ode(npts_ode), x_pde(npts_pde)
I .. Executable Statements ..

WRITE(nag_std_out,*) &

' Example Program Results for nag_pde_parab_1d_ex03'

I Set initial conditions and accuracy
t end = 0.0_wp
first_call = .TRUE.
acc = 1.0E-4_wp
t start = 1.0E-4_wp
r_comm(l) = t_start
rel_loc_tol = acc
abs loc tol = acc
WRITE(nag_std_out,997) acc, npts_pde
I Set spatial mesh points
DOi =1, npts_pde

x_pde(i) = REAL((i-1),kind=wp)/REAL((npts_pde-1),kind=wp)
ENDDO
x_ode(1) = 1.0_wp

WRITE(nag_std_out,999) x_pde(1), x_pde(5), x_pde(9), x_pde(13), &
x_pde(21)

I Initialize the structure control and set required control parameters

CALLnag_pde_parab_1d_cntrl_init(control)

control%matrix_type ='F'

DOit =1, 5
t end = 0.1_wp*(2.0_wp**it)
CALLnag_pde_parab_1d_fd(pde_coef,bound_cond,init_value,t_start,t_end, &
x_pde,u,first_call=first_call,ode_coef=ode_coef,num_ode=num_ode, &
x_ode=x_ode,comm_ode=comm_ode,rel_loc_tol=rel_loc_tol, &
abs_loc_tol=abs_loc_tol,control=control,num_time_step=num_time_step , &

num_resid_eval=num_resid_eval,num_jac_eval=num_jac_eval, &
num_time_iter=num_time_iter,r_comms=r_comm)

first_call = .FALSE.

CALLexact_sol(t_end,x_pde,exact_u)

WRITE(nag_std_out,998) t_start

WRITE(hag_std_out,995) u(1), u(5), u(9), u(13), u(21), u(22)
WRITE(nag_std_out,994) exact_u(l), exact_u(5), exact u(9), &
exact_u(13), exact u(21), t start

ENDDO

I Free structure comm_ode allocated by NAGfI90
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CALLnag_deallocate(comm_ode)

I Print integration  statistics

WRITE(nag_std_out,996) num_time_step, num_resid_eval, num_jac_eval,

num_time_iter

999 FORMAT X ' 5F9.3/)
998 FORMAT T = 'F6.3)

997 FORMAT/ Simple coupled PDEusing BDF'/' Accuracy require’,

'ment ='E10.3, Numberof points = "'14/)

996 FORMAT Numberof integration steps in time = ',16/' Numbero’,
'f function evaluations =',16/ Numberof Jacobian eval','uations
16/' Numberof iterations = "16/)

995 FORMATLX,App. sol. 'F7.3,4F9.3/ ODEsol. ='F8.3)

994 FORMATLX,'Exact sol. 'F7.3,4F9.3 ODEsol. ='F8.3/)

ENDPROGRAMNg_pde_parab_1d_ex03

2 Program Data

None.

3 Program Results

Example Program Results for nag_pde_parab_1d_ex03

Simple coupled PDEusing BDF

Accuracy requirement = 0.100E-03 Numberof points = 21

X 0.000 0.200 0.400 0.600 1.000

T = 0.200

App. sol. 0.222 0.174 0.128 0.084 0.001 ODEsaol.
Exact sol. 0.221 0.174 0.127 0.083 0.000 ODEsol.
T = 0.400

App. sol. 0.493 0.379 0.273 0.175 0.002 ODEsaol.
Exact sol. 0.492 0.377 0.271 0.174 0.000 ODEsol.
T = 0.800

App. sol. 1.229 0.901 0.622 0.383 0.008 ODEsol.
Exact sol. 1.226 0.896 0.616 0.377 0.000 ODEsol.
T = 1.600

App. sol. 3.959 2.610 1.629 0.917 0.027 ODEsol.
Exact sol. 3.953 2.597 1.612 0.896 0.000 ODEsol.
T = 3.200

App. sol. 23.472  11.976 5.886 2.665 0.074 ODEsol.
Exact sol. 23.533 11.936 5.821 2.597 0.000 ODEsol.

Numberof integration steps in time = 19
Numberof function evaluations = 187
Numberof Jacobian evaluations = 6

Numberof iterations = 50
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Additional Examples

Not all exampleprogramssupplied with NAG fl 90 appearin full in this module documert. The following
additional examples,assaiated with this module, are available.

nag_pde_parab _1d_ex04
Parabolic equation solved using "nite di®erencescheme and remeshingwith the BDF method:

This example usesBurgers Equation, a commontest problem for remeshingalgorithms, given by

@ = —-U @ + 2@;
@ @ @2
for x € [0;1] and t € [0; 1], where 2 is a small constart.

The initial and boundary conditions (of Dirichlet type) are given by the exact solution

0:1exp(—A) + 0:5exp(—B) + exp(—C)

uxt) = exp(—A) + exp(—B) + exp(—-C) '

where
50
= 7(x — 0:5+ 4:9%);

250
B=""(x — 05+ 0:78);

C= STOO(X — 0:375)
nag pde_parab _1d_ex05
Elliptic-parab olic PDEs solved using collocation scheme and the BDF method:

The problem consistsof a fourth-order PDE which can be written asa pair of second-orderelliptic-
parabolic PDEs for Uy (x;t) and U, (x; t),

@u
0= @21 —Uy:
% _ @y, + Uz% _Ul@-

@ o @ @

where —1 < x < 1andt > 0. The boundary conditions are given by

@

@l: OandU; = 1atx = —1; and
@

@1: OandU; = —latx = 1

The initial conditions at t = 0 are given by

7 YR Yx
U, = —sm7 and U, = Zsm7.
The absenceof boundary conditions for U,(x;t) doesnot poseany ditculties provided that the

derivative °ux boundary conditions are assignedto the "rst PDE which hasthe correct °ux, @

The conditions on Uy (x; t) at the boundariesare assignedto the secondPDE by setting ; = 0:0
in the boundary condition equation (6) (seethe procedurenag_pde_parab_1d_coll documert) and
placing the Dirichlet boundary conditions on U;(x; t) in the function °5.

nag_pde_parab _1d_ex06
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Coupled PDE/ODE systemsolved using nite di®erencescheme and remeshing:

This problem consistsof a simple coupled system of one PDE and one ODE.

@
\levlu1+2@l+1+t;

for t € [1074;0:2]; x € [0;1], where? is a small constart.

The left boundary condition at x = O is

@, _ W ty .
=1= —Zexp(2>.

@
The right boundary condition at x = 1 is
@
2= =
& 14

The initial conditions at t = 10~ are de ned by the exact solution:

t(1—x)

Vi =1t and Ui(x;t) = exp{ }—1.0; x €[0;1];

and the coupling point is at » = 1:0.

This example has beenderived from the Example 3 by adding a small di®usive term. To capture
the steep gradient of the solution in the neighbourhood of x = 0, as2 — 0 (seeFigure 1), the
remeshingprocesshas beenused.

160 T T T T

with eps = 0.04 <—

with eps = 0.06 —+--

with eps =0.08 -8--
140 with eps = 0.1 -»-
with eps =1.0 4

120

100

80

60

40

Figure 1. Solution at t = 0:2.
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nag_pde_parab_1d_ex06

Figure 2 shavsthe meshdistribution onthe interval [0; 1] which becomesner in the neighbourhood
ofx=0,as2 — 0.

eps = 0.04 7 f ¥ g T ¥

eps = 0.06 |- fbdt A+ + + + + + -

eps = 0.08 I I T OO0O00000 00 0 O —
eps =0.1 - DO X X —
eps =10 -

initial mesh ‘

0 0.2 0.4 0.6 0.8 1
Figure 2. Distribution of meshpoints after the remeshingprocess.

Notice that as2 — 0 the problem becomesmore ditcult to solve and the number of integration
stepsin time increasesquite rapidly.

nag pde_parab_1d_ex07
Coupled PDE/ODE systemsolved using nite di®erenceschemeand the Theta method:
This is the sameexample as the third example, but this oneis solved using the Theta method to
solve the ODE system.

nag_pde_parab_1d_ex08

Parabolic equation solved using nite di®erencescheme and remeshingwith the Theta method:
This is the sameexample asthe fourth example, but this oneis solved using the Theta method to
solve the ODE system.

nag_pde_parab_1d_ex09
Elliptic-parab olic PDEs solved using collocation schemeand the Theta method:

This is the sameexample as the "fth example, but this oneis solved using the Theta method to
solve the ODE system.
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